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Variation of parameters formulae for non-linear Volterra equations

as part of a theory of embedding

Ephraim O.Agyingia, Christopher T.H.Bakerb,c

aSchool of Mathematical Sciences, Rochester Institute of Technology, NY 14623-5603, USA

bEmeritus professor, The University of Manchester, Manchester, M13 9PL, UK
cDepartment of Mathematics, University of Chester, Chester CH1 4BJ, UK

Abstract

This paper provides a proof, based on a method of embedding, of a variation of parameters formula
for non-linear Volterra integral equations x(t) = g(t) +

∫ t

t0
k(t, s,x(s))ds (t ≥ t0) subjected to a

general type of variation of the equation, illustrated by y(t) = g(t) +
∫ t

t0
k(t, s,y(s))ds + ξ(t). The

formula is related to a classical formula for ordinary differential equations due to V.M. Alekseev
and to classical results for linear Volterra integral equations that are based on resolvents.

The main tool for obtaining our results is an embedding technique, of the type where x is
related to a function x̂ satisfying x̂(t, u) = g(u) +

∫ t

t0
k(u, σ,x(σ))dσ (u ≥ t ≥ t0), that is used in a

novel context. The method of approach is of intrinsic interest, and the paper provides the theory
of embedding that is required for its application here. The main variation of parameters theorem,
which relates the solutions then follows.

Key words: Volterra integral equations, variation of parameters, embedding

1. Introduction

We shall be considering n-dimensional systems (n ∈ {1, 2, 3, · · · }) of non-linear Volterra integral
equations (VIEs) of the type:

x(t) = g(t) +

∫ t

t0

k(t, s,x(s))ds (t0 ≤ t ≤ T ). (1.1)

(When k(·, ·, ·) is linear in its third argument we may write k(t, s, z) = K(t, s)z.) The vector-valued
function x is the unknown function whose existence and properties (at least continuity is required)
follow from properties of g and k to be mentioned further, below. For the case (1.1), the task that
we address is that of relating the solution x(t) of (1.1) to a solution y(t) of a perturbed equation
of the form

y(t) = g(t) +

∫ t

t0

k(t, s,y(s))ds + ξ(t) (1.2a)

where
ξ(t) depends on t and values y(s) with s ∈ [t0, t] (t ≥ t0).

In consequence, we write

ξ(t) ≡ ξ(t,yt) where yt denotes the restriction of y to [t0, t]. (1.2b)

Theorem 5.2, which is our final result (and from the perspective of variation of parameters, our
main result), relates y to x for a wide class of ξ.

Email addresses: eoasma@rit.edu (Ephraim O.Agyingi ), cthbaker@na-net.ornl.gov,
Christopher.Baker@manchester.ac.uk, c.baker@chester.ac.uk (Christopher T.H.Baker )
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We assume −∞ < t0 < ∞. Of interest in the context of ‘classical’ results mentioned in the
abstract, we have the example ξ(t) = ξ♯(t;yt) where, given a suitable function ψ = ψ(·, ·, ·),

ξ♯(t; z) =

∫ t

t0

ψ(t, σ, z(σ))dσ, for z ∈ C[t0, t], (1.3)

where the integral in (1.3) is interpreted as a Riemann integral. Thus, Brauer [7, §3 et seq.] studied,
in particular, (1.1) and perturbed equations of the form

y(t) = g(t) +

∫ t

t0

k(t, s,y(s))ds +

∫ t

t0

ψ(t, σ,y(σ))dσ. (1.4)

See also, e.g., Beesack [5], who suppresses t0 and (ibid, p.197) considers as a special case the

perturbed form of the linear equation x(t) = g(t) +

∫ t

0
K(t, s)x(s)ds that is given as

y(t) = g(t) +

∫ t

0
K(t, s)y(s)ds + h

(
t,y(t),

∫ t

0
ψ

(
t, s,y(s)

)
ds

)
. (1.5)

Some earlier results on variation of parameters formula for non-linear Volterra equations have
been shown in the literature to contain errors. For further detail, see §3, Appendix A and the
citations – notably the Reviews [4] cited in Remark A.1.

Remark 1.1. (a) In this work, the values k(t, s,y(s)) and ψ(t, s,y(s)) do not have any significance
when s > t and we shall use the convention

k(t, s, z) = 0 and ψ(t, s, z) = 0 when s > t (t, s ∈ [t0, T ], z ∈ R
n) (1.6)

which for the linear version implies the convention K(t, s) = 0 if s > t. (b) In some of our results,
[t0, T ] is assumed to be bounded; the discussion indicates that with additional restrictions on k we
may be able to consider [t0,∞). Note that a function that is continuous on a bounded and closed
domain D ⊂ R

N (N ∈ {1, 2, 3, · · · }) is bounded and is uniformly continuous on D.

We indicate Brauer’s result for integral equations in Assertion 1.2; this is based on [7, p.21],
and corresponds to the perturbed form (1.4), i.e., the choice (1.3) in (1.2); see §4.

Assertion 1.2. Suppose H(t, s,x(s)) :=
∂

∂w
k(t, s,w)

∣∣
w=x(s)

and, where I denotes the multiplica-

tive identity matrix, let U(t, t0,x0) be the solution of

U(t, t0,x0) = I +

∫ t

t0

H(t, s,x(s))U(s,t0,x0)ds, (1.7)

Then, under given conditions, solutions x(t) and y(t) of (1.1) and (1.4) are (if they exist) related
by

y(t) − x(t) =

∫ t

t0

U(t, s,y(s))

{
d

ds

∫ s

t0

ψ(s, σ,y(σ))dσ

}
ds. (1.8)

We seek to provide a careful proof of our generalization (introduced in Theorem 4.1) that
relates (1.1) and (1.2), with a wider class of perturbations ξ than represented in (1.4), under
precise conditions that will be stated. We observe that, with this wider class of perturbations, (1.2)
will be a (so-called) Volterra equation but not necessarily a conventional Volterra integral equation.

Chester Research Online Research in Mathematics and its Applications ISSN 2050-0661
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Remark 1.3. (a) Many discussions of ‘Variation of Parameters Formulae’ (VoPF) commence
with a result of Alekseev for ordinary differential equations (ODEs), recalled in Theorem 3.2, which
was originally published [3] in Russian. In the case of linear Volterra integral equations (VIEs),
the properties of ‘solvent’ kernels (in particular resolvent kernels) and their rôle in VoPF is also
well-known. We recall results for ODEs and VIEs to provide background and orientation. As noted
later, some results for VIEs have been obtained by differentiating the VIE to obtain a Volterra
integro-differential equation (VIDE) and using a VoPF for the VIDE. For example, differentiating
(1.2) – if this is valid – gives

y′(t) = g′(t) + k(t, t,y(t)) +

∫ t

t0

∂

∂t
k(t, s,y(s))ds +

d

dt
{ξ(t,yt)}. (1.9)

(Compare with the integro-differential equation in Hu et al. [11, eqn (1.11)].) Note, in particular,
the requirement for ξ(t,yt) to be differentiable. (b) Brauer cites the literature for a number of results
on existence and uniqueness of solutions of VIEs (1.1) (and, consequently, of (1.4)). A frequently
overlooked reference is [19]. We refer to §2.2 for remarks related to existence for more general
forms of (1.2). (c) The following corollary of Assertion 1.2 is also (again with suitable conditions)
stated by Brauer [7] – we paraphrase: If ψ(t, s,y) = ϕ(s,y) is independent of t, then solutions of

(1.1) and (1.4), if they exist, satisfy y(t) − x(t) =

∫ t

t0

U(t, s,y(s))ϕ(s,y(s))ds (t ∈ [t0, T ]).

In the results that we give, a statement referring to the functions x and y refers to any pair
of solutions of (1.1) and (1.2) respectively (or of (1.1) and (1.4)), that exist and are defined on
[t0, T ]; see, e.g., Theorem 2.10. If x or y does not exist then the corresponding statement is
vacuous (empty). Some discussions of VoPF explicitly assume both existence and uniqueness of a
solution (x in our notation) of the unperturbed problem. Uniqueness is sometimes assumed in the
discussions even though an alternative approach might avoid that assumption.

2. Basic assumptions and notation

Symbols ε, σ, s, t, u, t⋆, t0, tε, T, · · · represent real numbers and to unify the notation, we interpret
[t0, T ] as [t0,∞) on those occasions when T is infinite. We denote vectors or vector-valued functions
by bold font lower case and matrices or operators by bold font upper case; see also § 2.3.

When discussing solutions of (1.1) and of perturbed forms of (1.1), it is natural to seek a
solution amongst a specific set of functions {z}, where each z = z(·) is a function of one variable
(t ∈ [t0, T ], say). We shall relate such functions of one variable (in a systematic ‘embedding’ – see
§4.1) – to a class of functions {ẑ = {ẑ(·, ·)} of two variables. In principle, ẑ(t, u) can be defined for
all (t, u) ∈ [t0, T ]2 but we use the values only for (t, u) ∈ Dt0 (or (t, u) ∈ Dtε with tε > t0) where

Dt⋆ := {t⋆ ≤ t ≤ u ≤ T}. (for t⋆ ∈ R, with t⋆ < T ) (2.1)

We employ the embellishment ̂ (as in ŵ, ẑ, etc.) in accordance with the following notational
convention; see, also, Remark 2.2.

Definition 2.1. Given any ŵ(t, u), continuous for (t, u) ∈ Dt0 , w(t) denotes ŵ(t, t) for t0 ≤ t ≤
T < ∞ and w is called the section of ŵ. (b) Given w(t) for t0 ≤ t ≤ T < ∞, any function
ŵ : Dt0 ⊂ [t0, T ] × [t0, T ] → R

n with ŵ(t, u) continuous for (t, u) ∈ Dt0 , generated from w by a
prescribed rule for embedding, and satisfying ŵ(t, t) = w(t), is an extension of w.

Remark 2.2. It is clear that an extension of w to ŵ can be constructed in many ways. We shall
be concerned with an extension x̂ of x obtained from an equation (1.1) and ŷ of y obtained from
(1.2) in each case through a process of ‘embedding’ which is clarified in §4.1.

Solutions and solution-values will be identified by parameters t0 ∈ R and γ ∈ R
n; cf. Remark

3.3. In the notation for solution vectors, a semicolon ( ; ) is consistently employed in place of a

Chester Research Online Research in Mathematics and its Applications ISSN 2050-0661



Chester Research Online 2012:RMA:1 4

comma ( , ) to separate parameters from other variables where we believe that it assists under-
standing – but it has no other significance. Thus, z(t) ≡ z(t ; t0,γ); if z has these two parameters,
then ẑ inherits them: ẑ(t, u) ≡ ẑ(t, u ; t0,γ).

2.1. Volterra (or ‘causal’) operators

Consider a class C of continuous vector-valued functions defined on [t0, T ]. We define C so that
any solutions x, y lie in C. In some cases the value T ∈ [t0,∞) is finite but arbitrary. In other cases
it may be determined by the maximal interval on which both x and y exist (§2.2, Remark 2.9).

Definition 2.3. (a) For any t ∈ [t0, T ], we use the notation Π(t) to denote the map on C that
takes w ∈ C into its restriction wt defined on [t0, t] (with t ∈ [t0, T ]). That is

Π(t)w = wt where wt(s) = w(s) when s ∈ [t0, t] (wt(s) is undefined otherwise). (2.2)

(b) An operator V from C to itself is called Volterra (or causal) if, for every w1,w2 ∈ C, (Vw1)(t) =
(Vw2)(t) when Π(t)w1 = Π(t)w2 (t ∈ [t0, T ]). (c) The notation Vw(t) = (Vw)(t) denotes the
value at t of a function z = Vw where V is a Volterra operator, acting on C ⊆ C[t0, T ] and w ∈ C.

Remark 2.4. In (1.1) we see the example (Vz)(t) =

∫ t

t0

k(t, σ, z(σ))dσ =

∫ t

t0

k(t, σ, ẑ(σ, σ))dσ.

Clearly, for arbitrary ξ(·, ·) in (1.2), the operator Ξ that maps z into the function with values
ξ(t; zt) (t ∈ [t0, T ]) is Volterra on a class C ⊆ C[t0, T ], due to the definition of zt. The class C
must be chosen so that it contains a solution of the equation (1.1) and a solution of interest to
its perturbed form (1.2). The determination of an apposite choice of C may require additional
investigation, which we shall not pursue here; however, we construct Ξ to be Volterra on C[t0, T ]
in order to facilitate this type of study. Under certain conditions C ⊆ C1[t0, T ].

We restrict attention to operators Ξ that have additional properties by imposing conditions on
ξ. In general, we make the following assumptions.

Assumption 2.5.a. For all z ∈ C ∩ C[t0, T ], ξ(t, zt) is continuous for t ∈ [t0, T ].

Assumption 2.5.b. For all z ∈ C ∩ C[t0, T ], ξ(t0; zt0) = 0.

Assumption 2.5.c. For all z ∈ C ∩ C1[t0, T ],
d

dt
ξ(t, zt) is continuous for t ∈ [t0, T ].

Remark 2.6. (a) For a function v defined on [t0, T ], continuity at t0 is interpreted as continuity
from the right and if T < ∞ then continuity at T is interpreted as continuity from the left. (b)
A ‘conventional derivative’ of a function v defined on [t0, T ] is taken as the right-hand derivative
at t0, the left-hand derivative at T if T < ∞, and the two-sided derivative on (t0, T ). If (say) a
two-sided derivative is required at t0 one can consider extending the domain to [t⋆, T ) with t⋆ < t0.

Example 2.7. (i) With the choice in (1.3), (Ξz)(t) =

∫ t

t0

ψ(t, σ, z(σ))dσ. (ii) Suppose that α(t) ≤

β(t) ∈ [t0, t] for t ∈ [t0, T ], that α and β have continuous derivatives on [t0, T ], and α(t0) =

β(t0). Then the choice ξ(t, zt) =

∫ β(t)

α(t)
ψ(t, σ, z(σ))dσ provides an example. (iii) Suppose that for

w = [w1, w2, · · · , wn]T the notation exp(w) denotes [exp(w1), exp(w2), · · · , exp(wn)]T . Then we

can define (Ξz)(t) := exp
{
ν

∫ t

t0

ψ(t, σ, z(σ))dσ
}
− eT , for ν ∈ R, where e := [1, 1, · · · , 1]. (iv) We

can define (Ξz)(t) := ε{z(t) − z(t0)}. Assumptions 2.5a–c are satisfied in these examples.

We can set (Ξz)(t) = h(t, z(t),

∫ t

t0

ψ(t, s, z(s))ds), compare (1.5) – provided h and ψ satisfy

conditions needed to satisfy any required Assumptions 2.5.

Chester Research Online Research in Mathematics and its Applications ISSN 2050-0661
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Assumption 2.8. We assume that, for z ∈ R
n and for t0 ≤ s ≤ t, t ∈ [t0, T ], as appropriate, (a)

g(t), k(t, s, z), v(t, s, z), K(t, s), f(t, z), are continuous and (b) in addition, the derivatives with
respect to s and t (t0 ≤ s ≤ t ≤ T ) and the Jacobians with respect to z of k(t, s, z), v(t, s, z), d(t, z),
f(t, z) exist and are continuous.

We shall rely, when required, on Assumptions 2.5a-c, and 2.8. However, those assumptions hold
for all z in the assumption and we may be able to relax them. For example, in those results where

no explicit mention is made of
d

dt
ξ(t, zt), it may be that Assumption 2.5c is sufficient but not

necessary. (Such cases must be examined individually.)

2.2. Existence of solutions of (1.1) and (1.2)

We deviate from our main theme to consider (briefly) issues of the existence and uniqueness
results for x and y. It might be considered sufficient to consider (1.2), since (1.1) is a special case
obtained on replacing ξ by 0. However, (1.2) is permitted to be of a more general type than (1.4),
and a number of the results in the literature refer specifically to Volterra integral equations.

As we assume that ξ(t,yt) = (Ξy)(t) where Ξ is a Volterra operator on C[t0, T ], (and ξ(t) =
ξ(t,yt)), this facilitates an approach based on a theory for general Volterra equations. Often,
something similar to complete continuity of the operator is required. To consider general forms
of (1.2) one seeks results for general types of Volterra equations (see Corduneaunu [8]). These
can often be discussed via fixed-point theory; e.g., [10] provides a general result from which many
known results can be deduced, and the reader is referred to [10, Chapter 12] for further reading.

Remark 2.9. (a) The theory when (1.1) is a linear integral equation is naturally simpler than in the
nonlinear case: with minimal conditions (i) on K(t, s) and (ii) on ξ(t; zt), first, the corresponding
linear integral operator is compact and, secondly, the operator Ξ is bounded, on C[t0, T ].

(b) As some known existence results for Volterra integral equations require weaker conditions
than continuous differentiability in Assumption 2.8, we offer the following weaker alternative: The
continuity assumptions in Assumption 2.8 (a) hold and the functions referred to as having Jacobians
in Assumption 2.8(b) are, instead, uniformly Lipschitz-continuous in z. In Theorem 2.10, below,
we state a known result.

(c) Existence theory under mild conditions sometimes proceeds by establishing existence of a
solution on an interval [t0, t1), then on an interval [t1, t2), then on an interval [t2, t3), etc., but
there may be a natural limit t♯ beyond which a solution does not exist ([t0, t

♯) or [t0, t
♯] is the

maximal interval of existence). In this case, T 6> t♯.

Theorem 2.10. Suppose that g ∈ C[t0, T ], k(t, s, z) is continuous for t0 ≤ s ≤ t ≤ T and all
z ∈ R

n and ‖k(t, s, z1) − k(t, s, z2)‖ ≤ Λ‖z1 − z2‖ for all t0 ≤ s ≤ t ≤ T and all z1, z2 ∈ R
n where

Λ < ∞. Then a unique continuous solution x of (1.1) exists on [t0, T ].

Theorem 2.11. Suppose that x(t) and y(t) in (1.1) and (1.2) exist for t ∈ [t0, T ] and Assumption
2.5(a)–(c) and Assumption 2.8(a) hold. Then the solutions x and y are continuously differentiable
on [t0, T ]. Thus, the class C of solutions of (1.1) and (1.2) is a subset of C1[t0, T ], i.e., C ⊆ C1[t0, T ].

2.3. Notation for derivatives

The partial derivatives that we employ could lead to confusion in the detailed manipulation. As
an aid to understanding, we frequently clarify our presentation by using the following systematic
notational conventions, to supplement the classical notation for partial derivatives.

Suppose that, for each t ≥ t0, a(t; t0,α) ∈ R
n is a column vector dependent upon the scalars

s, t, t0, σ ∈ R and the vector α ∈ R
n, with α = [α1, α2, · · · , αn]T and likewise b(s, t;σ,β) ∈ R

n

Chester Research Online Research in Mathematics and its Applications ISSN 2050-0661
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depends on s, t, σ ∈ R and β = [β1, β2, · · · , βn]T ∈ R
n. For differentiable a(· ; ·, ·), b(·, · ; ·, ·) we

define the matrices

∂

∂α
a(t ; t0,α) :=

[
∂

∂α1
a(t; t0,α),

∂

∂α2
a(t; t0,α), . . . ,

∂

∂αn
a(t; t0,α)

]
∈ R

n×n, (2.3)

∂

∂β
b(t, u ; σ,β) :=

[
∂

∂β1
b(t, u;σ,β),

∂

∂β2
b(t, u;σ,β), . . . ,

∂

∂βn
b(t, u;σ,β)

]
∈ R

n×n. (2.4)

Definition 2.12. In the notation for functions, a non-zero integer suffix ℓ will denote a first-order
partial derivative, with respect to the ℓ-th variable. A Jacobian matrix of partial derivatives will be
designated in bold capital sans-serif font when using the subscript notation.

Example 2.13. We have the following typical examples:

a1(t; t0,α) :=
∂

∂t
a(t; t0,α); a2(t; t0,α) :=

∂

∂t0
a(t; t0,α); A3(t, t0,α) :=

∂

∂α
a(t; t0,α). (2.5)

Thus, B4(t, s,t0,β) :=
∂

∂β
b(t, s; t0,β). The meaning of, for example, d1(t0 ; t0,α) :=

∂

∂t
d(t ; t0,α)

∣∣
t=t0

,

d1(t ; t,α) :=
∂

∂s
d(s ; σ,α)

∣∣
s=t,σ=t

and C4(t, t0,α,α) :=
∂

∂β
c(t, t0,α,β)

∣∣
β=α

, etc. is clear using

the bold lower- or upper-case convention and our suffix notation. Observe that (2.3) appears in bold
capital sans-serif font as A3 in (2.5).

Remark 2.14. For clarification, given a function z of scalar-valued variables u, u1, u2, · · · and
vector-valued variables v1,v2, · · · and a set of vector-valued functions w1,w2, · · · that depend on
one or more of u, u1, u2, · · · we shall write dz/du to denote the derivative with respect to u: For
example,

dz

du
(u, u1, u2,v1,v2,w1(u),w2(u1)) := (2.6)

lim
δu→0

z(u + δu, u1, u2,v1,v2,w1(u + δu),w2(u1)) − z(u, u1, u2,v1,v2,w1(u),w2(u1))

δu
.

We state the following result concerning Jacobians.

Lemma 2.15. Suppose that f : R
n → R

n and for given u0 ∈ R
n and arbitrary δ ∈ R

n we have

f(u0 + εδ) = f(u0) + εJ0δ + o(ε) as ε ց 0, (2.7)

where J0 depends on u0 but is independent of ε and δ. Then J0 is the Jacobian F1(u0) of f at u0.

The existence of J0 that depends upon u0 but is independent of δ and satisfies (2.7) corresponds
to the definition of a classical Frechet derivative where J0 is its unique representation as a matrix
of partial derivatives. Indeed, if f(u0 + εδ) = f(u0) + ε

[
F1(u0)

]
δ + o(ε) for every δ it follows (by

selecting the vectors δ to be successive columns of I, and taking limits) that F1(u0) = J0. There is
an analogous result for the t-dependent Jacobian F2(t,u0) of f(t,u).

3. Previous results

Results for ODEs and for linear Volterra integral equations appear in the literature and we
recall some of these results here. We then review attempts at extending the theory to non-linear
Volterra integral, before presenting our main result.
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3.1. Variation of parameters formulae for ODEs

As a trivial example of (1.1) we have x(t) = x0 +

∫ t

t0

f(s,x(s))ds. An absolutely continuous

solution satisfies the related differential equation

x′(t) = f(t,x(t)) (t0 ≤ t ≤ T ) (3.1a)

almost everywhere, and the initial condition

x(t0) = x0. (3.1b)

To denote the dependence of the solution of (3.1) on the initial conditions, x(t) may be written
x(t ; t0,x0). Results relating the solution of (3.1) to a solution of a suitably perturbed problem

y′(t) = f(t,y(t)) + d(t,y(t)) (t0 ≤ t ≤ T ), (3.2a)

with the initial condition
y(t0) = x0, (3.2b)

may be more familiar than those for general integral equations. Formally, however, (3.2) yields

y(t) = x0 +

∫ t

t0

f(s,y(s))ds +

∫ t

t0

d(s,y(s))ds (t0 ≤ t ≤ T ) (3.3)

and this equation provides a special case of (1.4) and will serve to illustrate our results. Indeed,
our general theorem will provide a result when (3.3) is replaced by

y(t) = x0 +

∫ t

t0

f(s,y(s))ds + ξ(t,yt) (where yt(s) ≡ y(s ; t0,y0) for t0 ≤ s ≤ t ≤ T ). (3.4)

Remark 3.1. The generalization obtained for (3.4), on applying our theory, reads: y(t ; t0,x0) =

y(t) where y(t) = x(t) +

∫ t

t0

U(t, s,y(s))
d

ds
ξ(s,ys)ds and x(t) = x(t ; t0,x0), for t ∈ [t0, T ].

Amongst the variation of parameters formulae for (3.1) is that of Alekseev [3, 13], which we
state here to further orientate the reader and for comparison later. Recall that X3(t ,t0,x0) =
∂

∂z
x(t ; t0, z)|z=x0

.

Theorem 3.2 (Alekseev). Let f, d ∈ C
[
[t0,∞) × R

n, Rn
]
, and let the Jacobian F2(t, z) :=

∂f

∂z
(t, z) exist and be continuous on [t0,∞) × R

n. Then, for t ≥ t0, there exists a unique so-

lution x(t ; t0,x0) of (3.1a) satisfying (3.1b). If y(t ; t0,x0) is a solution of (3.2a)–(3.2b) and
U(t ,t0,x0) = X3(t ,t0,x0), then y(t ; t0,x0) satisfies for t ≥ t0 the integral equation

y(t ; t0,x0) = x(t ; t0,x0) +

∫ t

t0

U(t, s,y(s ; t0,x0))d(s,y(s ; t0,x0))ds. (3.5)

Remark 3.3. Such results are sometimes called ‘variation of constants formulas’ and this de-
scription makes clear that they result on varying the parameters (t0 and x0, for (3.1)) that might
otherwise be considered to be constants.

The following lemma (see, e.g., [12, p.78], [13]) is useful in establishing the above theorem.
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Lemma 3.4. Suppose that f ∈ C[[t0,∞) × R
n] possesses continuous first-order partial derivatives

with respect to the second variable, i.e., F2 maps [t0,∞) × R
n continuously into R

n×n, where

F2(t,w) :=
∂

∂w
f(t,w) (the Jacobian). Then a solution x(t ; t0,x0) of (3.1) exists for t ≥ t0.

Now let H(t ; t0,x0) be defined in terms of F2(t,w) as H(t ,t0,x0) = F2(t,x(t ; t0,x0)). Then (i)

X3(t ,t0,x0) :=
∂

∂x0
x(t ; t0,x0) exists and is the solution U(t ,t0,x0) of the equation

∂

∂t
U(t ,t0,x0) = H(t, t0 ,x0)U(t ,t0,x0) such that U(t0, t0,x0) = I; (3.6)

(ii) x2(t ; t0,x0) :=
∂

∂t0
x(t ; t0,x0) exists and is the solution (v(t) ≡ x2(t ; t0,x0)) of the equation

v′(t) = H(t ,t0,x0)v(t) (for t ≥ t0) with v(t0, ; t0,x0) = −f(t0,x0). (3.7)

The function U(t ,t0,x0) is termed the fundamental matrix for (3.7). We seek a similar result
to Theorem 3.2, but for perturbations of an integral equation (1.1). In establishing Theorem 4.1
(the main theorem of this paper), we use an approach that is found in the literature (cf., e.g., [13])
in a proof of Lemma 3.4.

Remark 3.5. We shall not prove, nor shall we apply, the results of §3.1, but we endeavour to use
a notation (H, U, etc.) that is evocative of the theory for ODEs. There is an exception, in the
case of a linear VIE, in that the notation for the ‘kernel’ is taken as K(t, s) while H(t, s) might be
considered a better choice in comparison with H used above.

3.2. Results based on resolvents for linear VIEs

Variation of parameters formulae are easily obtained in the linear version of (1.1), which reads

x(t) = g(t) +

∫ t

t0

K(t, s)x(s)ds (t0 ≤ t ≤ T ), (3.8)

and where results are relatively well-known – cf. [8, p.25 et seq.]. The results in this subsection will
be exploited in our section on linear perturbation theory in §4.3, and those results are used later
in the discussion in §4.6 concerning an interchange of the order of differentiation.

Corresponding to K(t, s) (where K(t, s) = 0 if s > t) is the resolvent kernel R(t, s), which
[10, 16] satisfies R(t, s) = 0 for t0 ≤ t < s ≤ T and, for t0 ≤ s ≤ t ≤ T ,

R(t, s) = K(t, s) +

∫ t

s

K(t, σ)R(σ, s)dσ = K(t, s) +

∫ t

t0

K(t, σ)R(σ, s)dσ. (3.9)

Lemma 3.6. (a) Suppose that K[1](t, s) = K(t, s) and K[k](t, s) =

∫ t

s

K(t, σ)K[k−1](σ, s)dσ, for

s ≤ t, while K[k](t, s) = 0 for s > t (k = 2, 3, 4, · · · ). Then

R(t, s) =

∞∑

k=1

K[k](t, s) (t0 ≤ s ≤ t ≤ T ). (3.10)

(b) The solution of (3.8) can be expressed as

x(t) = g(t) +

∫ t

t0

R(t, s)g(s)ds (t ∈ [t0, T ]). (3.11)

Corollary 3.7. If sup
t0≤s≤t≤T

‖K(t, s)‖ = M then ‖R(t, s)‖ ≤ M exp
(
M(t − s)

)
and, as a conse-

quence, if T < ∞ then sup
t0≤s≤t≤T

‖R(t, s)‖ is finite.

Proof: By the definition of K[k](t, s) and by induction, ‖K[k](t, s)‖ ≤ Mk|t − s|k−1/(k − 1)!. We
now bound (3.10) by summing these individual bounds, and observe that |t − s| ≤ T − t0. 2
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3.3. Variation of parameters formulae based upon resolvents, for linear VIEs

In view of (3.11), the relation between the solution x(t) of (3.8) and any solution y(t) of an
equation

y(t) = g(t) +

∫ t

t0

K(t, s)y(s)ds + ξ(t,yt) (t0 ≤ t ≤ T ), (3.12)

is given by

y(t) − x(t) = ξ(t,yt) +

∫ t

t0

R(t, s)ξ(s,ys)ds (t0 ≤ t ≤ T ). (3.13)

Given x, (3.13) is to be satisfied by y but need not define y unless y exists and is unique.

Example 3.8. As special cases, (i) (3.12)–(3.13) hold if ξ(t,yt) is set equal to

∫ t

t0

ψ(t, s,y(s))ds,

and (ii) if ξ(t,yt) =

∫ t

t0

K(t, s)q(s,y(s))ds in (3.12), then the relation (3.13) becomes y(t) =

x(t)+

∫ t

t0

R(t, s)q(s,y(s))ds. This and the relation (3.13) are examples of VoPF for linear Volterra

integral equations.

As an alternative to the use of R(t, s) (satisfying (3.9)), consider the use of U(t, s) satisfying

U(t, s) = I +

∫ t

s

R(t, σ)dσ (t0 ≤ s ≤ t ≤ T ), (3.14)

with U(t, σ) = 0 for σ > t and U(t, t) = I. Differentiating equation (3.14), we obtain

∂

∂s
U(t, s) = −R(t, s) (t0 ≤ s ≤ t ≤ T ). (3.15)

When substituted into equation (3.11), this yields

x(t) = g(t) −

∫ t

t0

{
∂

∂s
U(t, s)

}
g(s)ds (t ∈ [t0, T ]) (3.16)

but if g′(t) exists and is continuous, integration by parts in (3.16) yields

x(t) = U(t,t0)g(t0) +

∫ t

t0

U(t, s)g′(s)ds (t ∈ [t0, T ]). (3.17)

There are corresponding results for y(t) obtained on replacing g(t) by g(t) + ξ(t,yt) and on
differencing the equations for x and for y we arrive at the following variation of parameters formulae
(which does not require Assumption 2.5(b) to hold).

Theorem 3.9. Solutions x and y of (3.8) and (3.12), respectively, are related by the equation

y(t) − x(t) = ξ(t,yt) −

∫ t

t0

{ ∂

∂s
U(t, s)

}
ξ(s,ys)ds (t ∈ [t0, T ]). (3.18)

Further, if the total derivative
d

ds
ξ(s,ys) exists and is continuous (for s∈ [t0, t]⊂ [t0, T ]), then

y(t) = x(t) + U(t ; t0)ξ(t0,yt0) +

∫ t

t0

U(t, s)
d

ds
ξ(s,ys) ds, t ∈ [t0, T ]. (3.19)

Remark 3.10. Observe that, for t0 ≤ s ≤ t ≤ T , U(t, s) = I +

∫ t

s

K(t, σ)U(σ, s)dσ = I +
∫ t

t0

K(t, σ)U(σ, s)dσ, with U(t, s) = 0 if s > t.
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3.4. Previous work on VoPF for non-linear Volterra equations

Research into VoPF for perturbed non-linear Volterra integral equations, in particular (1.1) and
the perturbed form (1.4),

y(t) = g(t) +

∫ t

t0

k(t, s,y(s))ds + ξ♯(t,yt) (t0 ≤ t ≤ T ), (3.20)

where ξ♯(t,yt) is given by (1.3), has a chequered history. Such VoPF were discussed by Brauer [7],
Bernfeld and Lord [6], Beesack [5], and Hu et al. [11]; Sheng and Agarwal [20] extend the result of
Beesack (and give analogues for discrete equations). Individual reviews (in Mathematical Reviews)
for some of the earlier papers direct attention to some mathematical difficulties (Sheng and Agarwal
[20, p39] refer to mistakes) in the published papers – see [2]. We also refer to the relevant reviews
appearing in Mathematical Reviews [4]. Beesack [5] included a useful summary which we quote in
Appendix A (with the citations amended for consistency with our listed references). The history
of problems encountered in this area is sufficient to provoke feelings of trepidation in any potential
contributor.

Since the results in [7] have been used in much of the related literature, the status of those
results requires clarification, and we make the following observations: (i) We seek to provide an
independent proof for a result (Theorem 4.1) that generalizes a result given by Brauer; (ii) We
indirectly validate any results that are based on Brauer’s formula for non-linear Volterra integral
equations; (iii) Our results are of interest for the method of proof as well as for the key theorem.

4. Theoretical developments towards our VoPF

Brauer did not attempt to establish his ‘variation of parameters formula’ for non-linear Volterra
integral equations directly. Rather, he stated his result [7, p. 21] (see Assertion 1.2) as a consequence
of an apparently incorrect analysis for Volterra integro-differential equations. However, Brauer’s
result for Volterra integral equations is correct (and to the best of our knowledge no attempt at a
counter example has been made!). We establish that result as a consequence of Theorem 4.1. We
shall follow an approach that, we hope, avoids some of the pitfalls identified in previous research
output (see Appendix A).

The following theorem generalizes Assertion 1.2.

Theorem 4.1. Given Assumptions 2.5, suppose x(t) ≡ x(t ; t0,x0) is a solution of (1.1) on [t0, T ]

where T < ∞ and let U(t, t0,x0) satisfy (1.7), i.e., U(t, t0,x0) = I +

∫ t

t0

H(t, s,x(s))U(s,t0,x0)ds

(t ∈ [t0, T ]) where H(t, s,x(s)) = K3(t, s,x(s)) for (s, t) ∈ Dt0 . Then solutions x(t) and y(t) of

(1.1) and (1.2), are related by y(t) − x(t) =

∫ t

t0

U(t, s,y(s))

{
d

ds
ξ(s,ys)

}
ds (t ∈ [t0, T ]).

Note that K3(t, s,x(s)) :=
∂

∂w
k(t, s,w)

∣∣
w=x(s)

. We shall establish Theorem 4.1 (refined and

restated in Theorem 5.2) towards the end of the paper, as a consequence of results we obtain using
an ‘embedding technique’ that we introduce in the next subsection.

4.1. Towards a proof by embedding techniques

The starting point for our analysis is the equation

x(t) = g(t) +

∫ t

t0

k(t, s,x(s))ds (t0 ≤ t ≤ T ), (4.1)

and the perturbed equation

y(t) = g(t) +

∫ t

t0

k(t, s,y(s))ds + ξ(t,yt) (4.2)
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where (Assumption 2.8) g : [t0,∞) → R
n, and k : Dt0×R

n → R
n are continuous functions, k(t, s, z)

possesses continuous first-order partial derivatives with respect to t and z. As stated in Assumption
2.5(b), we suppose that the perturbation function satisfies:

ξ(t0,yt0) = 0. (4.3)

Given the VIEs (4.1) and (4.2), we shall borrow a strategy employed in another context by
Pouzet [18], and define the functions

x̂(t, u) = g(u) +

∫ t

t0

k(u, σ,x(σ))dσ, t0 ≤ t ≤ u ≤ T , (4.4)

ŷ(t, u) = g(u) +

∫ t

t0

k(u, σ,y(σ))dσ + ξ(t,yt), t0 ≤ t ≤ u ≤ T . (4.5)

We can clearly see from (4.4) and (4.5) that

(a) x̂(t, t) = x(t) and (b) ŷ(t, t) = y(t). (4.6)

Therefore, equation (4.4) and equation (4.5) can be written, respectively, as

x̂(t, u) = g(u) +

∫ t

t0

k(u, σ, x̂(σ, σ))dσ, t0 ≤ t ≤ u ≤ T, (4.7)

ŷ(t, u) = g(u) +

∫ t

t0

k(u, σ, ŷ(σ, σ))dσ + ξ(t,yt), t0 ≤ t ≤ u ≤ T. (4.8)

Definition 4.2. In view of (4.6), we say that (4.4) is ‘embedded’ in (4.7) while (4.5) is embedded
in (4.8) and that x̂(t, u) and ŷ(t, u) are ‘extensions by embedding’ of x(t) and y(t) respectively.

Remark 4.3. Note that we have chosen not to define ŷ(t, u) as g(u) +

∫ t

t0

k(u, σ, ŷ(σ, σ))dσ +

ξ(u,yt), which might be considered a plausible alternative to (4.8).
It is clear from the preceding remark and the definitions above that an extension through em-

bedding is defined only by a specific modification (which will be made clear) of a Volterra integral
equation or its perturbation. The mapping of any ẑ(t, u) to z(t) is simpler and merely involves
setting u = t.

We offer some additional remarks of passing interest but of minor significance in Appendix B.

4.2. Related non-linear partial differential equations

We continue to make our standard hypotheses (Assumptions 2.5 and 2.8). Given solutions x of
(1.1) and y of (1.2), there exist continuous functions x̂ and ŷ satisfying (4.7) and (4.8), respectively.
From our assumptions, we may differentiate the embedding equations (4.7) and (4.8) with respect
to t, to obtain, respectively,

∂

∂t
x̂(t, u) = k(u, t,x̂(t, t)), t0 ≤ t ≤ u ≤ T, (4.9a)

x̂(t0, u) = g(u), (4.9b)

which we refer to as a ‘non-linear partial differential equation’ and the perturbed version

∂

∂t
ŷ(t, u) = k(u, t,ŷ(t, t)) +

d

dt
ξ(t,yt), t0 ≤ t ≤ u ≤ T, (4.10a)

ŷ(t0, u) = g(u), (4.10b)

wherein yt(s) is synonymous with ŷ(s, s) = y(s) for s ∈ [t0, t], t ∈ [t0, T ]. (We have y(t) ≡ ŷ(t, t)
for all t ∈ [t0, T ].) We remark that if we choose as perturbation (1.3), namely

ξ♯(t,yt) =

∫ t

t0

ψ(t, σ,y(σ))dσ, then
d

dt
ξ♯(t,yt) = ψ(t, t,y(t)) +

∫ t

t0

ψ1(t, σ,y(σ))dσ. (4.11)
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Theorem 4.4. Under our assumptions, to every solution x ∈ C[t0, T ] of (4.4) there corresponds
a solution x̂ ∈ C(Dt0) of (4.9), and vice-versa. If there is a unique solution x ∈ C[t0, T ] of (4.4)
there is a unique solution x̂ ∈ C(Dt0) of (4.9) and vice-versa.

Proof: The one-to-one correspondence between (4.4) and (4.9) is established through (4.7) and the
identification in statement (a) of (4.6). Given a continuous solution x(t) it is clear from (4.7) that
x̂ exists and is continuous on Dt0 and (4.7) reduces to (4.9). Moreover, the steps in this argument
are reversible. The uniqueness properties are then immediate. 2

We observe:

1. the theory of (non-linear) Volterra integral equations gives us results on the solvability of (4.4);
see, for example, Theorem 2.10.

2. our results for (4.9) are intimately related to results for (4.7) and one rôle of (4.9) is to illuminate
the mathematical argument;

3. if x̂ exists and is continuous on Dt0 , then
∂

∂t
x̂(t, u) is clearly continuous for (t, u) ∈ Dt0 by

virtue of our assumptions on k.

4.3. Asymptotic perturbation theory

Here, we consider asymptotic perturbation theory for solutions and their extensions, in the case
of Volterra integral equations that are linear. The results in this subsection are used in §4.6.

Suppose that ε ≥ 0, ∆t0 > 0, and t0 + |ε∆t0| ≤ t ≤ T < ∞. Let ∆Kε(t, s) ∈ C(Dt0 → R
n×n),

∆gε(t) ∈ C([t0, T ] → R
n) depend on ε. Define

tε = t0 + |ε∆t0|, Kε(t, s) = K(t, s) + ∆Kε(t, s), and gε(t) = g(t) + ∆gε(t). (4.12)

Trivially, |tε − t0| = O(ε) as ε ց 0 and we suppose that

sup
t∈[t0,T ]

‖∆gε(t)‖ = O(ε) and sup
(s,t)∈Dtε

‖∆Kε(t, s)‖ = O(ε), as ε ց 0. (4.13)

We consider, for ε ≥ 0,

zε(t) = gε(t) +

∫ t

tε

Kε(t, s)zε(s)ds (t0 ≤ t ≤ T ), (4.14a)

ẑε(t, u) = gε(u) +

∫ t

tε

Kε(u, σ)zε(σ)dσ (t0 ≤ t ≤ u ≤ T ). (4.14b)

In particular, z0(t) = g0(t) +

∫ t

t0

K0(t, s)z0(s)ds and there is a corresponding equation for

ẑ0(t, u), and we seek a result relating zε to z0 and ẑε to ẑ0 as ε ց 0. Theorem 4.5 suffices.

Theorem 4.5. Assume (4.13) holds where zε(t) satisfies (4.14a), and ẑε(t, u) satisfies (4.14b). If
T < ∞ (or, more generally, if limεց0 sup(s,t)∈Dtε

‖Rε(t, s)‖ is bounded), we have

lim
εց0

sup
t∈[tε,T ]

‖zε(t) − z0(t)‖ = 0 (4.15a)

and
lim
εց0

sup
(t,u)∈Dtε

‖ẑε(t, u) − ẑ0(t, u)‖ = 0. (4.15b)
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Proof: We have (4.14) for ε ≥ 0 and establish (4.15). The result (4.15b) is an almost immediate
consequence of (4.15a), which we therefore prove first. Let ∆zε(t) = zε(t) − z0(t). Clearly, for
t ∈ [tε, T ] (interpreted, by our convention, as t ∈ [tε,∞) if T is not finite),

∆zε(t) −

∫ t

tε

Kε(t, s)∆zε(s)ds = ηε(t) where ηε(t) := ∆gε(t) +

∫ tε

t0

K(t, s)z0(s)ds. (4.16)

Using the resolvent kernel for Kε(t, s),

∆zε(t) = ηε(t) +

∫ t

tε

Rε(t, s)ηε(s)ds. (4.17)

From the definition of tε, limεց0 supt∈[tε,T ] ‖ηε(t)‖ = 0. The required result limεց0 supt∈[tε,T ] ‖∆zε(t)‖
= 0 follows when

lim
εց0

sup
(s,t)∈Dtε

‖Rε(t, s)‖ is bounded. (4.18)

For T < ∞ the condition (4.18) follows from Corollary 3.7 on replacing t0 by tε and M by Mε :=
supt0≤s≤t≤T ‖Kε(t, s)‖. (It suffices to note that for any ρ > 1 there exists a corresponding ε(ρ) > 0
such that Mε ≤ ρM when 0 < ε ≤ ε(ρ).) We obtain (4.15a) under the conditions of the Theorem.

From (4.14b), and the corresponding equation with ε = 0, we find

∆ẑε(t, u) = ∆gε(u) +

∫ tε

t0

K(u, σ)z0(σ)dσ} +

∫ t

tε

Kε(u, σ)∆zε(σ)dσ. (4.19)

Hence, ‖∆ẑε(t, u)‖ ≤ ‖∆gε(u)‖ + ‖

∫ tε

t0

K(u, σ)z0(σ)dσ}‖ + ‖

∫ t

tε

Kε(u, σ)∆zε(σ)dσ‖ and by our

assumptions, and citing the result (4.15a) established for ∆zε, the result (4.15b) follows. 2

Remark 4.6. (a) In applications of Theorem 4.5, Kε(t, s) or gǫ(t) can depend on additional vari-
ables ν1, ν2, · · · , νk; if the convergence conditions (4.13) as ε ց 0 hold uniformly for (ν1, ν2, · · ·, νk)∈
V then so do the conclusions in (4.15). (b) An amended form of Theorem 4.5 can be deduced for

zǫ(t) = g(t) + δgǫ1(t) +

∫ t

t0+|ǫ2δt0|
{K(t, s) + δKǫ3(t, s)}zǫ(s)ds with ǫ = [ǫ1, ǫ2, ǫ3]

T , as ‖ǫ‖ → 0.

4.4. Extensions of the results in §4.3

There are extensions of the results in §4.3 (we give two theorems). A systematic perturbation
analysis could be based on Theorem 4.8.

Theorem 4.7. Suppose that (for t0 ≤ t ≤ u ≤ T < ∞. and for 0 ≤ ε ≤ ε⋆)

Zε(t) = Gε(t)+

∫ t

tε

Kε(t, s)Zε(s)ds, Ẑε(t, t) = Zε(t), Ẑε(t, u) = Gε(u)+

∫ t

tε

Kε(u, σ)Zε(σ)dσ, (4.20)

and that supt∈[t0,T ] ‖∆Gε(t)‖ = O(ε) and sup(s,t)∈Dtε
‖∆Kε(t, s)‖ = O(ε), as ε ց 0, where

∆Gε(t) = Gε(t) − G0(t) and ∆Kε(t, s) = Kε(t, s) − K0(t, s). (4.21)

Then limεց0 supt∈[tε,T ] ‖Zε(t) − Z0(t)‖ = 0 and limεց0 sup(t,u)∈Dtε
‖Ẑε(t, u) − Ẑ0(t, u)‖ = 0.

Proof: Apply Theorem 4.5, taking gε(t) to be each of the columns of Gε(t) in turn. 2

Theorem 4.7 has an analogue when Zε(t, s) = Γε(t, s) +

∫ t

tε

Kε(t, σ)Zε(σ, s)dσ, etc. We shall

state only part of this result.
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Theorem 4.8. Suppose (for 0 ≤ ε ≤ ε⋆) that the matrix-valued function Γε ∈ ([tε, T ] × [tε, T ] →
R

n×n) is continuous on Dtε (and Γε(t, s) = 0 for s > t), that Zε : ([tε, T ] × [tε, T ] → R
n×n) is the

unique solution of the equation Zε(t, s) = Γε(t, s)+

∫ t

tε

Kε(t, σ)Z(σ, s)dσ and ∆Zε(t, s) := Zε(t, s)−

Z0(t, s) (s, t ∈ [tε, T ]). If sup(s,t)∈Dtε
‖∆Kε(t, s)‖ = O(ε), as ε ց 0 and sup(s,t)∈Dtε

‖∆Γε(t, s)‖ =
O(ε), as ε ց 0 where ∆Γε(t, s) = Γε(t, s) − Γ0(t, s) and ∆Kε(t, s) = Kε(t, s) − K0(t, s) then
sup(s,t)∈Dtε

‖∆Zε(t, s)‖ = O(ε) as ε ց 0.

Remark 4.9. When Γε(t, s) = Kε(t, s) then Zε(t, s) = Rε(t, s). If we prove this special case, all
the other results follow. The case Γε(t, s) = I for s ≤ t is of interest; see Remark 3.10.

4.5. Parameterized versions of equations

Let u ∈ [t0, T ]. We consider, for the given u and for t0 ∈ R, γ ∈ R
n, the parameterized versions

of (4.9) and (4.10):

∂

∂t
x̂(t, u ; t0,γ) = k(u, t,x̂(t, t ; t0,γ)), (t ∈ [t0, u]), (4.22a)

x̂(t0, u ; t0,γ) = γ, (4.22b)

and, where yt(s) ≡ ŷ(s, s ; t0,γ) for t0 ≤ s ≤ t,

∂

∂t
ŷ(t, u ; t0,γ) = k(u, t,ŷ(t, t ; t0,γ)) +

d

dt
ξ(t,yt) (t ∈ [t0, u]), (4.23a)

with
ŷ(t0, u ; t0,γ) = γ. (4.23b)

Similarly, when the solutions of (4.22) and (4.23) for an arbitrary chosen u ∈ [t0, T ] are x̂(t, u ; t0,γ)
and ŷ(t, u ; t0,γ) respectively, we have

(i) x̂(t, u ; t0,g(u)) is the solution x̂(t, u) of (4.9) for t ∈ [t0, u], u ∈ [t0, T ];

(ii) ŷ(t, u ; t0,g(u)) is the solution ŷ(t, u) of (4.10) for t ∈ [t0, u], u ∈ [t0, T ].

Indeed, from (4.22) we have

x̂(t, u ; t0,γ) = γ +

∫ t

t0

k(u, σ, x̂(σ, σ ; t0,γ))dσ (t0 ≤ t ≤ u ≤ T ) (4.24)

(compare (4.7), and see Remark 4.3), and the solution of (1.1) is x(t) = x̂(t, t ; t0,g(t)).

Remark 4.10. We recall that, with our standard notational conventions,

x̂3(t, u; t0,γ) :=
∂

∂σ
x̂(t, u;σ,γ)|σ=t0 , X̂4(t, u, t0,γ) =

∂

∂z
x̂(t, u ; t0, z)|z=γ

and K3(t, s,w) := ∂
∂z

k(t, s, z)|z=w (t0 ≤ s ≤ t ≤ u ≤ T ), and we exploit the properties stated in

Assumption 2.8. Derivatives of the type
∂

∂σ
x̂(t, u;σ,γ)|σ=t0 are right-hand derivatives,

∂

∂σ
x̂(t, u;σ,γ)|σ=t0 := lim

ε→0

1

|ε∆t0|
{x̂(t, u; t0 + |ε∆t0|,γ) − x̂(t, u; t0,γ)}; (4.25)

see Remark 2.6. (Here, ∆t0 6= 0 is fixed and is introduced only to preserve a pattern later.)
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4.6. A further preliminary: a lemma on partial derivatives

For u ∈ (t0, T ], (4.22) is an evolutionary problem with t ∈ [t0, u]. We have the following
Lemma, which is required for a mathematically precise discussion and it is deduced by appealing
to the asymptotic perturbation theory given in §4.3 above.

Lemma 4.11. Suppose T < ∞. Then, for t ∈ [t0, u], (a)
∂

∂t0
x̂(t, u; t0,γ) = x̂3(t, u; t0,γ) exists,

and satisfies

x̂3(t, u; t0,γ) = −k(u, t0,γ) +

∫ t

t0

K3(u, σ, x̂(σ, σ ; t0,γ))x̂3(σ, σ; t0,γ)dσ; (4.26)

(b)
∂

∂γ
x̂(t, u; t0,γ) = X̂4(t, u ; t0,γ) exists and satisfies

X̂4(t, u ; t0,γ) = I +

∫ t

t0

K3(u, σ,x(σ ; t0,γ))X̂4(σ, σ ; t0,γ)dσ (4.27)

(c)
∂

∂t0

∂

∂γ
x̂(t, u ; t0,γ) =

∂

∂t0
X̂4(t, u ; t0,γ) exists and is continuous with respect to (t0,γ);

(d) further,
∂

∂t0

∂

∂γ
x̂(t, u ; t0,γ) =

∂

∂γ

∂

∂t0
x̂(t, u ; t0,γ) (t0 ≤ t ≤ u ≤ T ), (4.28)

that is, the order of differentiation may be reversed.

Remark 4.12. The functions in Lemma 4.11 are continuous with respect to their parameters.
Given that T < ∞, the continuity properties imply uniform (or equi-) continuity for all (t, u) ∈ Dt0 .

Proof: The proofs of (a), (b), (c) have features in common with a heavy reliance on Theorem 4.5.
• We commence with a proof of (a).
If we make the assumption that (4.24) may be differentiated, then we have (as we prove below)

the required result for
∂

∂t0
x̂(t, u ; t0,γ) = x̂3(t, u; t0,γ), viz.,

∂

∂t0
x̂(t, u ; t0,γ) = −k(u, t0,γ) +

∫ t

t0

K3(u, σ, x̂(σ, σ ; t0,γ))
∂

∂t0
x̂(σ, σ ; t0,γ)dσ (4.29a)

(t0 ≤ t ≤ u ≤ T ), and hence
∂

∂t0
x̂(t0, u ; t0,γ) = −k(u, t0,γ), (4.29b)

where we have simplified the statements in (4.29) by setting

x(t0 ; t0,γ) = γ (4.30)

in the leading right-hand term k(u, t0,x(t0 ; t0,γ)). We prove this result from first principles, by
obtaining an equation for (4.25). (An alternative would be to use the case n = 1 in Lemma 2.15.)

Let ∆t0 > 0 be fixed. Using (4.30), writing (4.24) with tε := t0 + |ε∆t0| in place of t0 and dif-
ferencing, we obtain, on setting ∆x̂(t, u ; t0,γ) := x̂(t, u ; t0 + |ε∆t0|,γ)− x̂(t, u ; t0,γ), the equation

∆x̂(t, u ; t0,γ)

|ε∆t0|
= −k(u, t0,γ)+

∫ t

t0+|ε∆t0|

{k(u, σ, x̂(σ, σ; t0 + |ε∆t0|,γ)) − k(u, σ, x̂(σ, σ; t0,γ))}

|ε∆t0|
dσ.

(4.31)
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We propose to deal with the last term by use of the mean-value theorem. We use the shorthand

Kε(t, σ) := K3

(
u, σ, x̂ε(u, σ; t0,γ)

)
, where x̂ε(u, σ; t0,γ) = ϑx̂(u, σ; tε,γ) + (1 − ϑ)x̂(u, σ; t0,γ),

for an appropriate ϑ ∈ [0, 1] that depends upon ε, σ; t0,γ. (K0(t, s) denotes limεց0 Kε(t, s).) There
follows the equation

∆x̂(t, u ; t0,γ)

|ε∆t0|
= −k(u, t0,γ) +

∫ t

tε

Kε(t, σ)
∆x̂(σ, σ; t0,γ)

|ε∆t0|
dσ. (4.32)

Since ∆x(σ; t0,γ)) = ∆x̂(σ, σ; t0,γ), we obtain on setting u = t the Volterra integral equation

∆x(t; t0,γ)

|ε∆t0|
= −k(t, t0,γ) +

∫ t

tε

Kε(t, σ)
∆x(σ; t0,γ)

|ε∆t0|
dσ. (4.33a)

Further,
∆x̂(t, u ; t0,γ)

|ε∆t0|
= −k(u, t0,γ) +

∫ t

tε

Kε(t, σ)
∆x(σ; t0,γ)

|ε∆t0|
dσ. (4.33b)

To proceed, we shall employ Theorem 4.5; we recall the definition of tε, and Kε, write

zε(t) =
∆x(t; t0,γ)

|ε∆t0|
, ẑε(t, u) =

∆x̂(t, u ; t0,γ)

|ε∆t0|
, (4.34)

and (4.33a) and (4.33b) play the rôles of (4.14a) and (4.14b). The function z0 is the solution of

z0(t) = −k(u, t0,γ) +

∫ t

t0

K0(t, σ)z0(σ)dσ, K0(t, σ) = K3(t, σ, x̂(σ, σ ; t0,γ)) (4.35)

(cf. (4.29a)). As T < ∞, an application of Theorem 4.5 establishes that lim
εց0

sup
t∈[tε,T ]

‖zε(t)−z0(t)‖ = 0

whence, since zε(t0) = z0(t0) for all ε ≥ 0, we have (by virtue of (4.34))

z0(t) = lim
εց0

∆x(t; t0,γ)

|ε∆t0|
=

∂

∂t0
x̂(t; t0,γ) for all t ∈ [t0, T ] (4.36a)

satisfies (4.35) and for the corresponding function ẑ0 we have

ẑ0(t, u) = lim
εց0

∆x̂(t, u; t0,γ)

|ε∆t0|
=

∂

∂t0
x̂(t, u ; t0,γ) for all (t, u) ∈ Dt0 . (4.36b)

For continuity with respect to t0 we consider the family of equations obtained when t0 is replaced
by tε, for 0 ≤ ε ≤ ε⋆, say, in (4.29a). We write these equations as

x̂3(t, u; tε,γ) = −k(u, tε,γ) +

∫ t

tε

K3(u, σ, x̂(σ, σ ; tε,γ))x̂3(σ, u; tε,γ)dσ. (4.37)

We then apply Theorem 4.5 to establish that x̂3(t, u; tε,γ) → x̂3(t, u; t0,γ) as ε ց 0 and this
convergence is uniform for (t, u) ∈ Dt0 . The proof of part (a) is now complete.

• We continue, with a proof of part (b).
If differentiation is justified, we have the required result

∂

∂γ
x̂(t, u ; t0,γ) = I +

∫ t

t0

K3(u, σ,x(σ ; t0,γ))
∂

∂γ
x(σ ; t0,γ)dσ (t0 ≤ t≤ u ≤ T ) (4.38)

(bearing in mind that we have x̂(σ, σ ; t0,γ) = x(σ; t0,γ)). We shall establish this result
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Consider (4.24) which we rewrite with γ + εδγ (with ε 6= 0) in place of γ. We thus obtain, on
writing (for t0 ≤ t ≤ u ≤ T )

δx̂ε(t, u ; t0,γ) := x̂(t, u ; t0,γ + εδγ) − x̂(t, u ; t0,γ),

δx̂ε(t, u ; t0,γ) = ε
{
δγ +

∫ t

t0

{k(u, σ,x(σ ; t0,γ + εδγ)) − k(u, σ,x(σ ; t0,γ))}dσ
}
. (4.39)

Now, using the mean-value theorem and continuity properties,

k(u, σ,x(σ ; t0,γ + εδγ)) − k(u, σ,x(σ ; t0,γ)) = ε
{∫ t

t0

K3(s, σ,x(σ ; t0,γ))dσ
}
δγ + o(ε)

uniformly for t0 ≤ σ ≤ t ≤ u ≤ T < ∞ and for any fixed γ, as ε ց 0. Thus,

δx̂ε(t, u ; t0,γ) = ε
{
I +

∫ t

t0

K3(s, σ,x(σ ; t0,γ))dσ
}
δγ + o(ε), (4.40)

where the final term is o(ε) uniformly for (t, u)∈ Dt0 as ε ց 0. The matrix

∫ t

t0

K3(s, σ,x(σ ; t0,γ))dσ

is independent both of ε and of δγ and we therefore deduce (cf. Lemma 2.15) that the Jacobian
∂

∂γ
x̂(t, u ; t0,γ) exists and satisfies (4.38).

We apply Theorem 4.5 to the family of equations satisfied by x3(t; tε,γ), viz.,

∂

∂γ
x(t; tε,γ) = I +

∫ t

tε

K3(t, σ,x(σ ; tε,γ))
∂

∂γ
x(σ ; tε,γ)dσ (4.41a)

and then considering the corresponding functions X̂4(t, u ; tε,γ):

∂

∂γ
x̂(t, u ; tε,γ) = I +

∫ t

tε

K3(u, σ,x(σ ; tε,γ))
∂

∂γ
x(σ ; tε,γ)dσ (4.41b)

(tε ≤ t ≤ T ) to establish, in analogy with the proof for part (a), that X̂3(t, ; t0,γ) and X̂4(t, u ; t0,γ)
are continuous in t0 and this convergence is uniform for t ∈ [t0, T ] or (t, u) ∈ Dt0 .

• We now address part (c).

The properties of
∂

∂t0
X̂4(t, u, t0,γ) are established by an appeal to Theorem 4.7 (in the same

manner as Theorem 4.5 was used in part (a)) and by considering the family of equations

{ ∂

∂γ
x(t; tε,γ)

}
= I +

∫ t

tε

K3(t, σ,x(σ ; tε,γ))
{ ∂

∂γ
x(σ ; tε,γ))

}
dσ (4.42a)

together with { ∂

∂γ
x̂(t, u ; tε,γ)

}
= I +

∫ t

t0

K3(u, σ,x(σ ; tε,γ))
{ ∂

∂γ
x(σ ; tε,γ)

}
dσ (4.42b)

(tε ≤ t ≤ u ≤ T ).
• Finally, consider part (d). The validity of the interchange of the order of differentiation follows

from the continuity property established in (c) (see, for example, [9, p.11]). 2

Remark 4.13. We have further occasion to refer the above results. We note the repeated occur-
rence of expressions of the form

H(u, t, tε,γ) = K3(u, t, x̂(t, t ; tε,γ)) = K3(u, t,x(t ; tε,γ)) (tε ≤ t ≤ u ≤ T )

associated with x(·; tε,γ) and its extension x̂(·, ·; tε,γ). This invites us to introduce the notation

H♮(u, t, tε,γ) = K3(u, t,x̂(t, t ; tε,γ)). (4.43)

However, (4.43) fails to indicate the dependency on x (or, x̂) which is retained if we write

H(u, t,x̂(t, t ; tε,γ)) = K3(u, t,x̂(t, t ; tε,γ)). (4.44)

By assumption, (4.44) is continuous for tε ≤ t ≤ u ≤ T .
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4.7. An echo of Lemma 3.4

The statement and proof of Lemma 4.11 assist us to establish our next result, Lemma 4.15.
This, in turn, is instrumental in a proof of a result analogous Alekseev’s result. (The rôle of Lemma
4.15 may be compared with that of Lemma 3.4 in the proof of Theorem 3.2.)

Recall the notation (4.44). We have shown in (4.29) that the function v with

v(t, u ; t0,γ) = x̂3(t, u ; t0,γ) ≡
∂

∂t0
x̂(t, u ; t0,γ) (4.45a)

satisfies (for t0 ≤ t ≤ u ≤ T )

v(t, u ; t0,γ) = −k(u, t0,γ) +

∫ t

t0

H(u, σ, x̂(σ, σ ; t0,γ))v(σ, σ ; t0,γ)dσ (4.45b)

– so that
v(t0, u ; t0,γ) = −k(u, t0,γ). (4.45c)

We have also shown (Lemma 4.11(b)) that

Û(t, u, t0,γ) = X̂4(t, u, t0,γ) ≡
∂

∂γ
x̂(t, u ; t0,γ) (4.46a)

exists and is the solution of (4.38), that is

Û(t, u, t0,γ) = I +

∫ t

t0

H(u, σ,x(σ ; t0,γ))Û(σ, σ, t0,γ)dσ (t0 ≤ t≤ u ≤ T ) (4.46b)

– so that
Û(t0, u, t0,γ) = I. (4.46c)

It is natural to write, for any α ∈ R
n,

U(t, t0,α) := Û(t, t, t0,α), Û(t, u, t0,α) = I +

∫ t

t0

H(u, σ,x(σ ; t0,α))U(σ, t0,α)dσ, (4.47a)

U(t, t0,α) = I +

∫ t

t0

H(t, σ,x(σ ; t0,α))U(σ, t0,α)dσ. (4.47b)

Remark 4.14. Compare with Lemma 3.4: from Lemma 4.11(a), v satisfies

∂

∂t
v(t, u , t0,γ) = H(u, t,x̂(t, t ; t0,γ)) v(t, t ; t0,γ), with v(t0, u ; t0,γ) = −k(u, t0,γ); (4.48)

from Lemma 4.11(b), Û is the solution of

∂

∂t
Û(t, u , t0,γ) = H(u, t,x̂(t, t ; t0,γ)) Û(t, t , t0,γ), with Û(t0, u, t0,γ) = I. (4.49)

Lemma 4.15. For t0 ≤ t ≤ u ≤ T , suppose (4.22) has the solution x̂(t, u ; t0,γ). Then equations
(4.45) – (4.49) hold and, further, Û(t, u, t0,γ) and v(t, u ; t0,γ) satisfy the relation

v(t, u ; t0,γ) = −Û(t, u, t0,γ) k(u, t0,γ), for t ∈ [t0, u], (4.50)

that is, x̂3(t, u ; t0,γ) = −X̂4(t, u, t0, x̂(t0, u ; t0,γ))k(u, t0,γ).
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Proof: We regard t0 as variable, and whenever t0 ≤ σ ≤ t ≤ u ≤ T we have

x̂(t, u ; t0,γ) = x̂(t, u ; σ, x̂(σ, u ; t0,γ)). (4.51)

We differentiate (4.51) with respect to t0, and obtain for ∂
∂t0

x̂(t, u ; t0,γ) ≡ x̂3(t, u ; t0,γ) the relation

x̂3(t, u ; t0,γ) = X̂4(t, u, σ, x̂(σ, u ; t0,γ)) x̂3(σ, u ; t0,γ). (4.52)

This result is valid whenever t0 ≤ σ ≤ t ≤ u ≤ T and therefore holds when σ = t0, so

x̂3(t, u ; t0,γ) = X̂4(t, u, t0, x̂(t0, u ; t0,γ))x̂3(t0, u ; t0,γ). (4.53)

In the notation of (4.50), this reads v(t, u ; t0,γ) = Û(t, u, t0, x̂(t0, u ; t0,γ))v(t0, u ; t0,γ) and sub-
stituting −k(u, t0,γ) for v(t0, u ; t0,γ) gives the stated result. 2

4.8. An Alekseev-type result for nonlinear embedded partial differential equations

Motivated by Alekseev’s theorem, we now provide a VoPF, based on Lemma 4.15, for the
non-linear equations

∂

∂t
x̂(t, u) = k(u, t,x̂(t, t)), t ∈ [t0, T ], (4.54)

and
∂

∂t
ŷ(t, u) = k(u, t,ŷ(t, t)) +

d

dt
ξ(t,yt), t ∈ [t0, T ], (4.55)

with the same initial condition x̂(t0, u) = ŷ(t0, u) = g(u), given (Assumption 2.5(c)) that d
dtξ(t,yt)

exists and is continuous. Of course, x̂(t, t) = x(t) and ŷ(t, t) = y(t) in (4.54)–(4.55). Theorem 4.16
may be compared with with Alekseev’s Theorem 3.2.

Theorem 4.16. For t0 ≤ t ≤ u ≤ T , let x̂(t, u ; t0,γ) be a solution of (4.22) with x̂(t0, u ; t0,γ) =
γ. Given that Lemma 4.15 holds for (4.22), any solution ŷ(t, u ; t0,γ) of (4.23), such that
ŷ(t0, u ; t0,γ) = γ, for t ≥ t0 satisfies

ŷ(t, u ; t0,γ) = x̂(t, u ; t0,γ) +

∫ t

t0

Û(t, u, σ, ŷ(σ, u ; t0,γ))

{
d

dσ
ξ(σ,yσ)

}
dσ, (4.56)

where Û(t, u, σ, z)) = X̂4(t, u, σ, z).

Proof: For t0 ≤ t ≤ u ≤ T , consider x̂(t, u ; σ, ŷ(σ, u ; t0,γ)) as a function of σ ∈ [t0, t]; its value
on setting σ = t is ŷ(t, u ; t0,γ) and its value on setting σ = t0 is x̂(t, u ; t0,γ). It follows that

ŷ(t, u ; t0,γ) − x̂(t, u ; t0,γ) =

∫ t

t0

d

dσ
x̂(t, u ; σ, ŷ(σ, u ; t0,γ))dσ. (4.57)

The integrand in (4.57) is the total derivative with respect to σ, viz.,

d

dσ
x̂(t, u ; σ, ŷ(σ, u ; t0,γ)) = x̂3(t, u, σ, ŷ(σ, u ; t0,γ)) + X̂4(t, u, σ, ŷ(σ, u ; t0,γ)) ŷ1(σ, u ; t0,γ).

(4.58)
Aided by Lemma 4.15, we obtain

d

dσ
x̂(t, u ; σ, ŷ(σ, u ; t0,γ)) = x̂3(t, u ; σ, ŷ(σ, u ; t0,γ)) + X̂4(t, u ; σ, ŷ(σ, u ; t0,γ))ŷ1(σ, u ; t0,γ))

= −Û(t, u, σ, ŷ(σ, u ; t0,γ)) k(u, σ, x̂(σ, σ ; t0,γ)) + Û(t, u, σ, ŷ(σ, u ; t0,γ)) ŷ1(σ, u ; t0,γ) (4.59)
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(and these expressions simplify if we note that ŷ(σ, u ; t0,γ) = γ). Using (4.55), the derivative on
the left-hand side of (4.59) reduces to

Û(t, u, σ, ŷ(σ, u ; t0,γ))

{
d

dσ
ξ(σ,yσ)

}
(4.60)

wherein we substitute ŷ(s, s ; t0,γ) = y(s ; t0,γ) for y(s) (t0 ≤ s ≤ σ) to obtain yσ(·). Applying
(4.57), we obtain the relation (4.56). This completes the proof. 2

Theorem 4.17 (A VoPF for the extensions x̂ and ŷ). Let x̂(t, u) be a solution of (4.54) sat-
isfying x̂(t0, u) = g(u) for t0 ≤ t ≤ u ≤ T . If ŷ(t, u) is a solution of (4.55) satisfying ŷ(t0, u) = g(u)
for t0 ≤ t ≤ u ≤ T , then

ŷ(t, u) = x̂(t, u) +

∫ t

t0

Û(t, u, σ, ŷ(σ, u))

{
d

dσ
ξ(σ,yσ)

}
dσ,

where Û(t, u, t0,y(t0, u)) = ∂
∂γ

x̂(t, u;t0,γ)⌋γ=g(u) = X̂4(t, u, t0,g(u)).

Theorem 4.17 is a consequence of Theorem 4.16 (it results on setting γ = y(t0, u)) and is a VoPF
for the extensions x̂ and ŷ obtained by embedding.

5. A VoPF for nonlinear Volterra integral equations

The results in the last section were VoPF for the embedding problem expressed in terms of
Û(t, u, σ,y(σ, u ; t0,γ)). In this section, we state a VoPF for VIEs, obtained from Theorem 4.17.
This result is expressed in terms of the function U(t , t0,α) (for some α ∈ R

m). Recall, from (4.46)
(also, the discussion in Lemma 4.11, and Lemma 4.15) that for any α, γ ∈ R

n (possibly differing
α and γ are introduced for ease of exposition below), both U(t, t0,α) and Û(t, u, t0,γ) exist and
they satisfy (for t0 ≤ t ≤ u ≤ T )

U(t , t0,α) = I +

∫ t

t0

H(t, σ,x(σ, t0,α))U(σ, t0,α)dσ, (5.1a)

Û(t, u, t0,γ) = I +

∫ t

t0

H(u, σ, x̂(σ, σ, t0,γ))Û(σ, σ, t0,γ)dσ, (5.1b)

= I +

∫ t

t0

H(u, σ, x̂(σ, σ, t0,γ))U(σ, t0,γ)dσ (5.1c)

Lemma 5.1 provides a further relation – for specific, related, α and γ – between U(t , t0,α) and
Û(t, t, t0,γ) This relation is needed to deduce our final, refined, result.

Lemma 5.1. Suppose that the solution x̂(t, u ; t0,γ) of (4.22) exists and is unique for t0 ≤ t ≤ T .
Given (5.1),

Û(u, u, t0,g(u)) ≡ U(u , t0,g(t0)). (5.2)

Equivalently,
Û(u, u, t0, x̂(t0, u)) ≡ U(u , t0,x(t0)). (5.3)

Proof: The results follow from equation (5.1). For α = g(t0), we obtain

U(u , t0,g(t0)) = I +

∫ u

t0

H(u, σ,x(σ))U(σ , t0,g(t0))dσ, (u ≥ t0). (5.4)

For t = u and γ = g(u) we obtain, since x(σ) = x̂(σ, σ ; t0,g(u)),

Û(u, u, t0,g(u)) = I +

∫ u

t0

H(u, σ,x(σ))Û(σ, σ, t0,g(u))dσ. (5.5)
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From (5.4) and (5.5), we see that Û(u, u, t0,g(u)) ≡ U(u, t0,g(u)) = U(u, t0,g(t0)). This completes
the proof of (5.2) and (5.3) follows. 2

Now we can deduce from Theorem 4.17 our VoPF for non-linear VIEs, stated in terms of U.

Theorem 5.2 (A VoPF for x and y). Suppose x is the unique solution of

x(t) = g(t) +

∫ t

t0

k(t, s,x(s))ds, (t0 ≤ t ≤ T ), (5.6)

and y(t) is any solution of

y(t) = g(t) +

∫ t

t0

k(t, s,y(s))du + ξ(t,yt), (t0 ≤ t ≤ T ). (5.7)

Suppose U to be defined as above (by (5.1)). Then

y(t) = x(t) +

∫ t

t0

U(t, σ,y(σ))

{
d

dσ
ξ(σ,yσ)

}
dσ (t0 ≤ t ≤ T ) (5.8)

or, provided R(t, σ,y(σ)) := −
d

dσ
U(t, σ,y(σ)) exists,

y(t) = x(t) + ξ(t,yt) +

∫ t

t0

R(t, σ,y(σ))ξ(σ,yσ)dσ (t0 ≤ t ≤ T ) (5.9)

Proof: Setting u = t ∈ [t0, T ] in Theorem 4.17 we obtain

ŷ(t, t) = x̂(t, t) +

∫ t

t0

Û(t, t, σ, ŷ(σ, t))

{
d

dσ
ξ(σ,yσ)

}
dσ. (5.10)

Here, ŷ(t, t) = y(t) and x̂(t, t) = x(t) respectively. From (5.2) in Lemma 5.1, Û(t, t, σ, ŷ(σ, t)) ≡
U(t, σ,y(σ)) and equation (5.10) becomes

y(t) = x(t) +

∫ u

t0

U(t, σ,y(σ))

{
d

dσ
ξ(σ,yσ)

}
dσ (t0 ≤ t ≤ T ). (5.11)

Integrating (5.11) by parts and noting that U(t, t,y(t)) = I, we obtain (for t0 ≤ t ≤ T )

y(t) = x(t) + ξ(t,yt) +

∫ t

t0

R(t, σ,y(σ))ξ(σ,yσ)dσ .

This establishes the relations (5.8) and (5.9), thus completing the proof. 2

Remark 5.3. (a) The reader may compare Theorem 5.2 (which is valid under our previously stated
Assumptions) with Assertion 1.2. (b) The VoPF for linear VIEs given in (3.18) and (3.19) are
special cases of (5.9) and (5.8) respectively.

Regarding (5.9), we refer back to the comment following Assumption 2.8, concerning the re-

laxation of our assumptions. Assumption 2.5 requires that for all z ∈ C ∩ C1[t0, T ],
d

dt
ξ(t, zt) is

continuous for t ∈ [t0, T ]. However, the result (5.9) makes no reference to
d

dσ
ξ(σ,yσ). On the other

hand, (5.9) requires
d

dσ
U(t, σ,y(σ)) to exist, which in general requires that y′ exists where y is

expressed by (5.7) in terms of ξ(σ,yσ).
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6. Conclusions

The initial motivation for this paper was our interest in a rigorous proof of a variation of
parameters theorem under general conditions on the perturbation. Theorem 5.2 is the main result
of this type. We established it by analyzing (and providing a perturbation theory for) an embedding
technique, which we applied successfully in a context where it has not been used previously.

Appendices

A. Appendix: Extracts from ‘On some variation of parameter methods for integrod-
ifferential, integral, and quasilinear partial integrodifferential equations’[5].

VoPF for VIDEs are more frequently to be found in the literature that VoPF for VIEs, and in consequence
the latter are frequently derived from the former by differentiating the integral equation; see (1.9). Brauer’s
result for non-linear Volterra integral equations is correct although his derivation was based on an apparently
incorrect result for Volterra integro-differential equations (VIDEs) – it has been shown in the literature [5, 20]
that an unambiguously correct version of the non-linear ‘variation of parameters’ result for general VIDEs
requires a more involved formula. Here, we quote from [5] a selection of comments by Paul R. Beesack on
related published results.

. . . M.E. Lord and A.R. Mitchell [15] gave a new method, involving a variation of parameters
formula, for expressing the solution of a perturbed non-linear initial value problem in terms of the
solution of a simpler unperturbed system. Applications of this method were given both in [15]
and, more recently, by Lord in [14]. In [6], S.R. Bernfeld and M.E. Lord gave an extension of this
variation of parameters method to integro-differential and to integral equations. Unfortunately,
the method does not so extend, and the main results of [6] are false. The error made in the
extension has been repeated in a recent paper of B.G. Pachpatte [17], . . .

The purpose of this paper (that is, [5]) is to pinpoint the errors made in [6], [17] and to give
correct versions which, from some points of view, are even more desirable and useful. In Section
2 we state the (false) variation of parameter formula of [6], indicating the error, and give a
replacement theorem. . . .

Finally, we note that our unperturbed equations are (necessarily) simpler than those given in
the variation of parameters formulae of F. Brauer [7], but the perturbed equations are more
general. Despite this, the results of Brauer can be more readily applied because his auxiliary
(variational) systems are linear, whereas our auxiliary systems [. . . ] are non-linear.

Beesack [5] refers to Theorem 2.1 of [6] and provides a a counterexample to this result.
He continues

In [6], a corollary of the main result is given for the special case of a linear integro-differential
system. The same example used above shows that the corresponding variation of parameters
formula is not valid even in this case. The error in the proof in [6] . . . consists of replacing x0

wherever it occurs in (1) [with x(t) ≡ x(t, x0) throughout] by v(t) outside the integral sign but
by v(s) inside the integral sign, in the first two terms. This shows, in fact, that the method
really only applies to an unperturbed system which contains no integrals, that is, a differential
system of initial value problems, although the perturbed system may be an integro-differential
system. It is of interest to note that in [6], the authors explicitly pointed out a similar error in
F. Brauer’s paper [7], which gave a more general variation of parameters formula. We give a
formulation which avoids the rather special form of the perturbation in (2) . . . .

Remark A.1. The last passage makes clear the view of Beesack that an error was present in [7]; see also
[4, Review MR0430715, Review MR0430716, & Review MR1227001] (Sheng and Agarwal [20] extend the
result of Beesack). It was claimed, in [4, Review MR0461057], that the disputed formula in [7] “is correct
and that the apparent error is the result of an ambiguity in . . . notation”.
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B. Appendix: Incidental remarks

The following observations are not critical to our arguments. (a) The extensions by embedding can be

defined when t0 ≤ u ≤ t ≤ T by using the same formulae as apply for t0 ≤ t ≤ u ≤ T provided that

one recalls (1.6). (b) Equation (4.2) defines y and in consequence yt and it is possible to define ŷt as the

extension of yt. In detail, we have yt(t
′) = g(t′) +

∫
t
′

t0

k(t′, σ,y(σ))dσ + ξ(t′,yt′), for t0 ≤ t′ ≤ t ≤ T . This

gives ŷt (t′, u′) = g(u′) +

∫
t
′

t0

k(u′, σ,y(σ))dσ + ξ(t′,yt′) for t0 ≤ t′ ≤ u′ ≤ T .

C. Appendix: An auxiliary definition
It is outside our remit to enter into a discussion of topological concepts but we provide the following

definition of a term used in the text.

Definition C.1. An operator T ∈ (X → X) where X is a topological space is called a ‘compact operator’
when it maps an arbitrary bounded subset of X into a corresponding set that is relatively compact in X. (A
subset S of a topological space X is called relatively compact when its closure is compact.) A continuous
compact operator is called ‘completely continuous’.
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