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Abstract|We investigate the qualitative behaviour of nu-
merical approximations to a carefully chosen class of integro-
di�erential equations of Volterra type. We consider equa-
tions which may be thought of as prototypes of more general
classes of problems. We solve the equations approximately,
using simple numerical schemes and consider the perfor-
mance of these schemes. Speci�cally, we are concerned with
the preservation (or otherwise) of qualitative properties of
the analytical solution in the numerical approximation and,
in particular, the values of parameters at which any changes
occur. We outline the known stability behaviour and derive
the values of these parameters at which the true solution bi-
furcates. We give the corresponding analysis for the discrete
schemes and highlight that, for particular �nite stepsizes,
the methods give unexpected results in that the incorrect
qualitative behaviour is predicted. Despite this (a poten-
tially awkward phenomenon in practical situations) we are
able to show that, as the stepsize of the numerical scheme
decreases, the bifurcation points tend towards those of the
continuous scheme. We illustrate our results with some nu-
merical experiments and we show how our results relate to
the classical stability theory (discussed by Brunner, Lam-
bert and Matthys) for the basic test equation.

Keywords| Bifurcations, numerical methods, integro-
di�erential equations, fading memory, convolution kernel.

I. Introduction

W
E are interested in investigating changes in qual-
itative behaviour in solutions of Volterra integro-

di�erential equations and corresponding changes in the be-
haviour of their numerical solutions. We would like to in-
vestigate quite general problems of the form

y0(t) = G(t; y(t); z(t)); z(t) =

Z t

0

K(t; s; y(s))ds (1)

y(0) = y0; but, as is well-established in stability analyses,
it is more appropriate to focus on so-called test problems
in gaining initial insights. These test problems can then
provide information that applies equally to more general
equations.
Stability analysis of integro-di�erential equations focuses

on the equation

y0(t) = �y(t) + �

Z t

0

y(s)ds (2)

and the detailed analysis in this case is provided by the clas-
sical papers [1], [8]. However we are interested not just in
the investigation of stability boundaries but also in other
changes in qualitative behaviour. For example, solutions
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may display changes in their qualitative behaviour (bifur-
cate) at places where stable oscillations are acquired or lost,
or at places where exponential growth replaces unstable os-
cillations. In each case we consider the set of all possible
solutions to the problem, since the particular solution to
any given problem depends on the initial value. However
its stability and its sensitivity to small changes in the ini-
tial value depends (since it is a linear equation) on the full
set of possible solutions.
Some linear equations are well-understood both analyt-

ically and numerically and they provide the key to under-
standing non-linear problems. Here we show that, for the
equations we consider, although the analytical behaviour
may be quite easily explained, the numerical behaviour is
quite complicated. This work is a continuation of our pre-
vious studies [6], [4], [5] where we have considered qualita-
tive behaviour of solutions to non-linear integral, delay, and
integro-di�erential equations as well as fractional di�eren-
tial equations. We have seen a wealth of di�erent types of
qualitative behaviour both in the original equations and in
the numerical approximations and the present investigation
is no exception.
We investigated these ideas recently in our report [3].

There we introduced a new test equation

y0(t) = �

Z t

0

e��(t�s)y(s)ds (3)

y(0) = y0; that has two important properties. Firstly it
represents a wide class of problems that are frequently anal-
ysed, having a fading exponential memory separable con-
volution kernel. Therefore, unlike the earlier test equation
(2) the inuence of the history of the solution y diminishes
over time. This mimics many practical applications. Sec-
ondly, and more pragmatically, equation (3) contains only
a single parameter � and this makes its analysis simpler
and enabled us to produce analytical and numerical results
on the bifurcations. Some of our observations from that
paper are summarised in Section III.
In this paper we extend our previous work by introducing

a second parameter. We consider the new test equation

w0(t) = �

Z t

0

e��(t�s)w(s)ds: (4)

w(0) = w0: We were motivated to investigate equation (4)
by the desire to consider the e�ect (by choosing � negative
or positive) of both attractive and repulsive history e�ects
and of both growing and fading memory. It also turns
out (see Section V) that there is a comparatively simple
relationship between some of the conclusions that can be



drawn from our test problem and some of the results that
can be deduced for the original test problem (2).

II. Numerical schemes

To apply a numerical method to an integro-di�erential
equation of the type

y0(t) = f

�
t; y(t);

Z t

0

k(t; s; y(s))ds

�
; y(0) = y0; (5)

we write the problem in the form

y0(t) = f(t; y(t); z(t)) (6)

z(t) =

Z t

0

k(t; s; y(s))ds: (7)

We solve (6), (7) numerically using a linear multistep
method for solving equation (6) combined with a suitable
quadrature rule for deriving approximate values of z from
equation (7) (see [2]). Such a method is sometimes known
as a DQ-method. For linear k�step methods, one also needs
to provide a special starting procedure to generate the ad-
ditional k�1 initial approximations to the solution that are
not given in the equation but are needed by the multistep
method on its �rst application. It turns out that one needs
to choose the quadrature, multi-step method and starting
schemes carefully to ensure that the resulting method is of
an appropriate order of accuracy. One should try to choose
schemes of the same orders as one another since the order
of the overall method is equal to the lowest of the orders
of the three separate methods used to construct it. In this
paper we have chosen to focus on one-step methods. There
are two reasons for this: we have thereby avoided the need
to construct special starting procedures which would make
our analysis more complicated; as Wolkenfelt showed in [9],
methods with a repetition factor of 1 (such as the ones we
consider) are always stable and we also draw attention (see
[7] for example), to the fact that the trapezoidal rule is a
1�step method and provides the A-stable linear multistep
method that has the best convergence properties. Further,
it turns out that the same range of qualitative behaviour
can be displayed in the discrete problem as applied to the
original continuous problem in this case.
To keep the analysis reasonably simple, we consider the

following discrete form of (6). We use a linear ��method
in each case so that we solve the system:

yn+1 = yn + h(�1Fn + (1� �1)Fn+1)

Fn = f(nh; yn; zn)

zn = h (�2k(nh; 0; y0) (8)

+

n�1X
j=1

k(nh; jh; yj)

+ (1� �2)k(nh; nh; yn): )

One could choose any combination of �i; 0 � �i � 1
but a natural choice could be �1 = �2. This follows from
the discussion earlier in this section where we remarked on

the need to choose methods of the same order and stability
properties. However, in order to start with a simple method
where the algebraic problem is tractable we have considered
�rst the cases where �1 = 0 and we consider a range of
values of �2.

III. Our previous analysis

In the paper [3], we considered the solution by numerical
techniques of the integro-di�erential equation (3)
We saw that, as � varies through real values, four distinc-

tive qualitative behaviours in the solution can be detected.
We noted that the equation (2) displays the same range of
qualitative behaviour possibilities as (3) for varying values
of the two real parameters �; �.
We considered whether the numerical scheme displays

the same four qualitatively di�erent types of long term be-
haviour as are found in the true solution; whether the inter-
val ranges for the parameter � that give rise to the changes
in behaviour of the solution are the same as in the original
problem and whether there are alternative formulations of
the problem that yield greater insight. We identi�ed the
following qualitative behaviour for the original problem:
A1. When � � 2, y ! 0 as t!1, with no oscillations

A2. When 0 < � < 2, y ! 0 as t ! 1, with in�nitely
many oscillations

A3. When � = 0, y(t) = cos(t); (persistent oscillations)

A4. When �2 < � < 0, the solutions contains in�nitely
many oscillations of increasing amplitude

A5. When � � �2, the solution grows without any oscilla-
tions.
We solved equations of the form

yn+1 � yn = �h2
�
�2e

��(n+1)hy0

+

nX
j=1

e��h(n+1�j)yj + (1� �2)yn+1

1
A ;

y0 = y1 = 1:

The equation (9) is equivalent to�
1 + h2(1 � �2)) yn+2

+
�
h2�2e

��h � 1� e��h
�
yn+1 (9)

+ e��hyn = 0:

The behaviour of the solution as t ! 1 depends on the
roots of the characteristic equation

(1 + h2(1� �2))k
2

+
�
h2�2e

��h � 1� e��h
�
k + e��h = 0: (10)

Any solution of (9) will be asymptotically stable if both
roots of (10) are of magnitude less than one and unstable
if either root of (10) has magnitude greater than one. The



solutions will contain (stable or unstable) oscillations when
the roots of (10) are complex.
For reasonably small h > 0 we came to the following

conclusions:
B1. The characteristic roots are real and distinct when

� > �
1

h
ln

 
1 + 2h2 � h2�2 � 2

p
�h2 (h2�2 � 1� h2)

h4�22 � 2h2�2 + 1

!
:

The dominant characteristic root is of magnitude less than
unity.
B2. The characteristic roots are real and equal when

� = �
1

h
ln

 
1 + 2h2 � h2�2 � 2

p
�h2 (h2�2 � 1� h2)

h4�22 � 2h2�2 + 1

!
:

The characteristic roots are of magnitude less than unity.
B3. The characteristic roots are complex when

�
1

h
ln

 
1 + 2h2 � h2�2 + 2

p
�h2 (h2�2 � 1� h2)

h4�22 � 2h2�2 + 1

!
< �

< �
1

h
ln

 
1 + 2h2 � h2�2 � 2

p
�h2 (h2�2 � 1� h2)

h4�22 � 2h2�2 + 1

!
:

For

� =
1

h
ln

�
1

1 + h2 (1� �2)

�
the characteristic roots have magnitude precisely unity.
B4. The characteristic roots are real and equal when

� = �
1

h
ln

 
1 + 2h2 � h2�2 + 2

p
�h2 (h2�2 � 1� h2)

h4�22 � 2h2�2 + 1

!
:

The characteristic roots are of magnitude greater than
unity.
B5. The characteristic roots are real and distinct when

� < �
1

h
ln

 
1 + 2h2 � h2�2 + 2

p
�h2 (h2�2 � 1� h2)

h4�22 � 2h2�2 + 1

!
:

The dominant characteristic root is of magnitude greater
than unity.
Each of the plots shown in Figure 1 illustrates, for vary-

ing h, the ranges for the parameter � where
1. the solutions are unstable due to exponential growth
(the darkest region in the �gures)
2. the solutions are unstable due to growing oscillations
(the next darkest region in the �gures)
3. the solutions are stable with asymptotically stable os-
cillations (the lightest region in the �gure)
4. the solutions are stable with exponentially stable decay.
We can compare with Figure 4 which shows the true

regions for the original problem and we can make the fol-
lowing observations:
1. as h ! 0 the values of � at which changes in the be-
haviour occur approach the true values as we predicted
2. there is some extremely surprising behaviour for some
values of h > 0

(a) for �2 = 0 and for �2 = 0:5 we can see that the unsta-
ble region is in two parts
(b) there can be a critical value of h > 0 at which, for
arbitrarily large � < 0 the numerical solution displays os-
cillatory behaviour
(c) for larger values of h > 0 the calculations we presented
for the bifurcation values no longer apply. We can see,
for example, that the transition from stable to unstable
exponentially growing solutions may occur without passing
through a range of values for � where there are unstable
oscillations (see, for example, Figure 3 for �2 = 1 and h >
2).
These observations show that careful attention needs to

be paid to changes in qualitative behaviour other than sta-
bility in reaching a good understanding of the behaviour
of numerical methods for problems of this type. These ob-
servations are equally true for other choices of numerical
method. Figure 3 reveals the qualitative behaviour of solu-
tions to equations (6), (7) with other choices of �-method.
It is easy to see that, even for combinations such as using
the trapezium rule for both parts of the discretisation (a
method characterised by �1 = �2 = 0:5 and known to do
very well at preserving the stability boundary) there are
problems in the preservation of other types of qualitative
behaviour when h is not very small. Similarly, we can see
that the choice �1 = �2 = 1 leads to a shrinking range
(as h increases) for � values that lead to stable oscillatory
solutions.
In our previous paper, we also considered other formula-

tions of equation (3) as an integral equation or as a second
order di�erential equation. We shall not go into further
details here but refer the reader to [3] for details.

IV. Analysis of a two-parameter problem

We turn now to consider equation (4). We apply numer-
ical methods as before to obtain the corresponding discrete
problem

wn+1 = wn + h(�1Fn + (1� �1)Fn+1)

Fn = �h(�2e
�nh�w0

+

n�1X
j=1

e�h�(n�j)wj + (1� �2)wn) (11)

Fn+1 = �h(�2e
�(n+1)h�w0

+

nX
j=1

e�h�(n+1�j)wj + (1� �2)wn+1)

and we reduce this, as before, to a second order di�erence
scheme of the form

(1 � �h2(1� �1)(1� �2))wn+2

+ (�e�h� � 1� �h2(�1(1� �2)

+ (1� �1)e
�h� � (1� �1)(1� �2)e

�h�))wn+1(12)

+ e�h�(1� �h2�1�2)wn = 0

We are now interested in comparing the qualitative be-
haviour of solutions to (12) with that of solutions to the



Fig. 1. Bifurcation points as h varies for �1 = 0; �2 = 0; :5 respec-
tively

equation (4). Following the same approach as previously
we can see that the true behaviour of the solution is gov-
erned by � and � in the following ways:

1. the solution is unstable for � > 0
2. the solution is constant if � = 0
3. the solution tends to zero with no oscillations for � >
0;��2=4 � � < 0
4. the solution tends to zero with in�nitely many oscilla-
tions if � > 0;��2=4 > �
5. the solution tends to in�nity with with no oscillations
for � < 0;��2=4 � � < 0
6. the solution tends to in�nity with in�nitely many oscil-
lations if � < 0;��2=4 > �
7. the solution has persistent oscillations for � = 0; � < 0.

These regions are shown in Figure 5.

Fig. 2. Bifurcation points as h varies for �1 = 0; �2 = 1

For the equation (12) we plot, as is customary (see [1],
[8]), �h against �h2. Our �gures are shaded according
to the regions corresponding to the four possible types of
qualitative behaviour displayed in solutions. Plotting �h
against �h2 is the natural thing to do since the variables
�; � appear coupled to h in this way in the equation. We
give the nine plots that correspond to the choices of numer-
ical method (�1 = 0; 0:5; 1 and �2 = 0; 0:5; 1 respectively)
explored in the classical work [1].

We can draw the following conclusions:

1. First we note the same pattern as we observed in our
previous work. There are some surprising patterns arising:
for particular combinations of �; h; � we obtain qualitative
behaviour that is simply not correct. For some �xed �; h
values the qualitative behaviour of the solution as � varies
quite simply goes through the wrong sequence. However,
for smaller values of h > 0 the problems seem less marked.
2. Overall it is surprisingly diÆcult to deduce from the
�h; �h2 plots exactly what is happening. In a practical
situation we would be using a �xed value of h > 0 to solve
an equation with �xed �; �. We know (see Figure 5) the
qualitative behaviour of solutions to the original problem,
and we hope that, for small enough h > 0 this will be
reected in the behaviour of numerical approximations.

For each �xed value of h > 0 (and for each selection
of �1; �2 one can plot the qualitative behaviour regions in
the �; � plane. We show an example in Figure 8. Here we
have put �1 = �2 = 1 and h = 0:3. This is a distortion of
the true picture (Figure 5) but we can experiment with a
sequence of values h! 0 and see that the distorted Figures
8 and 9 become successively closer to Figure 5 as h ! 0.
For each possible choice of �1; �2 there is a similar story:
the approximate qualitative behaviour tends to the true
qualitative behaviour as h! 0. However we draw attention
once again to the fact that, for every �nite non-zero value



Fig. 3. Bifurcation points as h varies for �1 = �2 = 0:5; 1 respectively

h there are certain values of � for which completely wrong
qualitative behaviour arises as � varies (see Figures 6, 7).

V. Relationship to earlier work

The equation (2) has played an important role in the
stability analysis of numerical schemes for the solution of
integro-di�erential equations and one could undertake a bi-
furcation analysis for that test equation using a similar ap-
proach to the one we described here. However it turns out
that, for bifurcations at least, we can use the results of our
analysis to give the corresponding bifurcation information
about numerical methods applied directly to (2).

On the face of it, equations (2) and (4) seem quite unre-
lated. They come from di�erent types of problem and show
quite di�erent types of behaviour. However, with the sub-

Fig. 4. Bifurcation diagram for the analytical problem, drawn on the
same scales for comparison

Fig. 5. Bifurcation and stability boundaries for (4)

stition w(t) = e��ty(t); any function y satis�es equation
(2) if and only if the corresponding w satis�es (4).

This correspondence between the two problems might
seem to imply that the stability and bifurcation analyses
of the one equation would imply the corresponding stabil-
ity and bifurcation analyses of the second equation. How-
ever, it is quite easy to see that the stability boundary for
equation (2) arises where the solution of (4) decays expo-
nentially at rate �. Therefore one cannot reproduce the
stability behaviour of one problem by reference to the sta-
bility behaviour of the other; one would need to undertake
new calculations and so the direct application of stability



Fig. 6. Bifurcation and stability boundaries for numerical methods
for (4)

Fig. 7. Bifurcation and stability boundaries for numerical methods
for (4)



Fig. 8. Bifurcation and stability boundaries for (4) h = 0:3; �1 =
�2 = 1

Fig. 9. Bifurcation and stability boundaries for (4) h = 0:1; �1 =
�2 = 1

analysis to each of the two problems is to be prepared.

On the other hand, the bifurcations between oscillating
and non-oscillating solutions for the two equations do co-
incide exactly. If y has oscillations then w will also por-
tray oscillations (though multiplied by the decay factor
e��t; � > 0). Therefore oscillations for w may be dying
out while those for y may increase, but the parameter val-

ues at which the oscillations appear will be the same.

It follows that one can �nd the bifurcation and stabil-
ity results for equation (2) by superimposing the known
stability boundaries given, for example, by [1], with the

bifurcation boundaries at which oscillations arise that we
have calculated for (4).
One can compare the �gures we have obtained with those

given in [1]. We note that, for � = 0 the stability intervals
for � for (4) agree with those given in [1] for (2). One can
also show analytically that this must be true. However for
� 6= 0 the stability intervals are not the same.

VI. Conclusions

We have seen that the analysis of bifurcations in numer-
ical solutions to integro-di�erential equations (even in the
linear case) is far from simple. The classical idea from sta-
bility theory, that one can use insights gained from a basic
test equation, do not seem to carry over to the bifurca-
tion analysis, and we have seen that one needs a variety of
di�erent test problems.
From our experiments we can see, in the limit as the

step-size h! 0; that the values of the parameters at which
bifurcations occur seem to be approximated in the numeri-
cal scheme to the order of the numerical method. However
the situation becomes quite complex as soon as we move
away from the limiting case. For particular combinations
of values of h; � and � one obtains completely the wrong
qualitative behaviour. Indeed for particular h; � the types
of qualitative behaviour in the solution at � varies may be
completely wrong. The use of a numerical method (with
a �xed step length) to predict the types of qualitative be-
haviour found in the true solution as (say) � varies, would
be very dangerous. One must, instead, consider a sequence
of step-lengths h ! 0 and try to understand the limiting
case.
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Fig. 10. Bifurcation and stability boundaries for numerical methods
for (2)

Fig. 11. Bifurcation and stability boundaries for numerical methods
for (2)


