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Abstract

We consider the numerical solution of the Bagley-Torvik equation

Ay′′(t) + BD
3/2
∗ y(t) + Cy(t) = f(t)

as a prototype fractional differential equation with two derivatives. Approximate solutions have
recently been proposed in the book and papers of Podlubny in which the solution obtained
with approximate methods is compared to the exact solution. In this paper we consider the
reformulation of the Bagley-Torvik equation as a system of fractional differential equations of
order 1/2. This allows us to propose numerical methods for its solution which are consistent
and stable and have arbitrarily high order.
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1 Introduction

The Bagley-Torvik equation

Ay′′(t) + BD3/2
∗ y(t) + Cy(t) = f(t) (1.1)

(where A 6= 0 and B,C ∈ R) arises, for example, in the modelling of the motion of a rigid plate
immersed in a Newtonian fluid. It was originally proposed in [1] and is thoroughly discussed, e.g., in
[15, §8.3.2] where, in order to obtain a unique solution, homogeneous initial conditions are assumed.
Here in particular, Dq

∗ denotes the fractional differential operator of order q /∈ N in the sense of
Caputo, denoted and defined by (cf., e.g., [9, eq. (1.17)])

Dq
∗y(t) := Jm−qy(m)(t),

where m is the integer defined by the relation m − 1 < q < m and Jµ is the fractional integral
operator,

Jµg(t) :=
1

Γ(µ)

∫ t

0

(t− u)µ−1g(u)du.

Note that Podlubny [15, eq. (8.21)] formally uses Riemann-Liouville derivatives, defined by

Dqy(t) :=
dm

dtm
Jm−qy(t),

where m is as above, instead of Caputo derivatives, but under his homogeneous initial condition
assumption, these two operators coincide. We have chosen to use the Caputo version because it
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allows us to specify inhomogeneous initial conditions too. Therefore we want to solve the equation
(1.1), together with the initial conditions

y(0) = y0, y′(0) = y′0, (1.2)

with arbitrary real numbers y0 and y′0.
The questions of existence and uniqueness of the solution to this initial value problem have been

discussed in [13], so there is no need to go into these matters here. An analytical solution is possible
and can (for homogeneous initial conditions) be given in the form

y(t) =

∫ t

0

G(t− u)f(u)du

with

G(t) =
1

A

∞∑

k=0

(−1)k

k!

(
C

A

)k

t2k+1E
(k)
1/2,2+3k/2

(
−B

A

√
t

)
,

where E
(k)
λ,µ is the kth derivative of the Mittag-Leffler function with parameters λ and µ, given by

E
(k)
λ,µ(t) =

∞∑
j=0

(j + k)!tj

j!Γ(λj + λk + µ)
,

cf. [15, eqs. (8.26) and (8.27)]. Note that this analytical solution involves the evaluation of a convolu-
tion integral, containing a Green’s function expressed as an infinite sum of derivatives of Mittag-Leffler
functions, and for general functions f this cannot be evaluated conveniently. For inhomogeneous
initial conditions even more complicated expressions arise. An analytical expression for the inho-
mogeneous case is given in [13, Thm. 4.1]. It involves multivariate generalizations of Mittag-Leffler
functions and is also quite cumbersome to handle. We are motivated by the difficulty of obtaining an
analytical solution to investigate numerical schemes for the solution of (1.1) with initial conditions
(1.2) that can be relied upon to perform well.

We recall that Podlubny [15, p. 230] compares plots of the solution to (1.1) with homogeneous
initial conditions using simple numerical methods with the exact solution evaluated in the case when
f is a Heaviside function. It is our aim in this paper to provide numerical methods of arbitrary order
that can handle the problem for rather general choices of f , backed up by a convergence analysis.

We proceed as follows. In Section 2 we re-express the Bagley-Torvik equation as a system of frac-
tional differential equations in R+ of order 1/2. This involves a restatement of the initial conditions
made possible by the fact that the fractional derivatives follow Caputo’s suggestion, and also relies
on the commensuracy of the orders of the derivatives. In Section 3 we derive a Green’s function for
the system of equations.

In Section 4 we consider the discretization of the Bagley-Torvik equation using fractional linear
multistep methods. We show that the resulting difference scheme for the vector-matrix case is
equivalent to the direct application of fractional linear multistep methods to the Bagley-Torvik
equation (1.1). We are able to give a convergence and stability analysis of the resulting scheme.

In Section 6 we consider an alternative scheme (introduced in [6]) which is based on Adams-type
predictor-corrector pairs. We show that the system of equations introduced in Section 2 can be
solved using this method in a way that is consistent and stable.

We conclude the paper with some remarks about possible extensions of the method introduced
here to other fractional differential equations containing derivatives of several commensurate orders.

2 Preliminary Analytical Manipulations

Before coming to the description of our numerical scheme, we find it convenient to rewrite the original
Bagley-Torvik equation (1.1) in the form of a system of fractional differential equations of order 1/2
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that will later be solved numerically. In particular, the system that we shall consider is of the form

D
1/2
∗ y1(t) = y2(t),

D
1/2
∗ y2(t) = y3(t),

D
1/2
∗ y3(t) = y4(t),

D
1/2
∗ y4(t) = A−1 (−Cy1(t)−By4(t) + f(t)) ,

(2.1)

with initial conditions
y1(0) = y0, y2(0) = 0, y3(0) = y′0 and y4(0) = 0. (2.2)

In this context, we state our first main result.

Theorem 2.1 The Bagley-Torvik equation (1.1), equipped with the initial conditions (1.2), is equiv-
alent to the system of equations (2.1) together with the initial conditions (2.2) in the following sense.

1. Whenever (y1, y2, y3, y4)
T with y1 ∈ C2[0, b] for some b > 0 is the solution of the system (2.1),

equipped with the corresponding initial conditions, the function y := y1 solves the Bagley-
Torvik equation (1.1), and it satisfies the initial conditions (1.2).

2. Whenever y ∈ C2[0, b] is a solution of the Bagley-Torvik equation (1.1) satisfying the initial con-

ditions (1.2), the vector-valued function Y := (y1, y2, y3, y4)
T := (y,D

1/2
∗ y, y′, D3/2

∗ y)T satisfies
the system (2.1) and the initial conditions (2.2).

Our proof relies on the fact that the fractional derivatives in the Bagley-Torvik equation are given
according to the Caputo definition. If they were given according to the Riemann-Liouville definition
[15], we would have been able to treat the homogeneous initial conditions only (in which case the
two definitions coincide). Thus our approach is more general and flexible than the one described,
e.g., in [15]. In particular, we shall use the following auxiliary results.

Lemma 2.1 Let y ∈ Ck[0, b] for some b > 0 and some k ∈ N, and let q /∈ N such that 0 < q < k.
Then,

Dq
∗y(0) = 0.

Proof. By definition of the Caputo operator,

Dq
∗y(x) = Jm−qy(m)(x),

where m is the integer defined by m− 1 < q < m. Now under our assumption, m ≤ k, and therefore
y(m) is a continuous function. Thus the integral Jm−qy(m)(x) vanishes for x → 0. 2

Lemma 2.2 Let y ∈ C2[0, b] for some b > 0. Then,

D1/2
∗ D1/2

∗ y = y′, D1/2
∗ y′ = D3/2

∗ y, and D1/2
∗ D3/2

∗ y = y′′.

Note that such a result cannot be expected to be true in general if Riemann-Liouville derivatives
were used instead of Caputo derivatives, cf. [16, §2.7]. As a specific example, consider the function
y with y(x) = 1, and the second of the three relations in the Lemma. If we were to use Riemann-
Liouville derivatives, the left-hand side would be (D1/2y′)(x) = D1/20 = 0, whereas the right-hand
side is

(D3/2y)(x) = (D2(J1/2y))(x) =
d2

dx2
(Γ(3/2))−1x1/2 = (Γ(−1/2))−1x−3/2.

Proof of Lemma 2.2. It is known that the Caputo differential operator may be expressed in terms of
the Riemann-Liouville operator by

Dq
∗z = Dq(z − Tz),
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cf. [9], where Tz is the Taylor polynomial of degree m− 1 of the function z, centered at 0, and where
m is again defined to be the integer such that m− 1 < q < m. A particular consequence is that, for
0 < q < 1,

Dq
∗z = Dqz

whenever z(0) = 0.

Now we have seen in Lemma 2.1 that D
1/2
∗ y(0) = 0, and thus

D1/2
∗ D1/2

∗ y = D1/2D1/2
∗ y = D1/2J1/2y′,

where the last equality follows from the definition of the Caputo operator. Since it is well known
that D1/2 is the left inverse of J1/2, it follows that

D1/2
∗ D1/2

∗ y = y′.

For the second claim, we write

D3/2
∗ y = J1/2y′′ = J1/2(y′)′ = D1/2

∗ y′

by two applications of the definition of the Caputo derivative.

Finally, we again recall that, according to Lemma 2.1, D
3/2
∗ y(0) = 0, and thus, as in the first part

of the present proof,
D1/2
∗ D3/2

∗ y = D1/2D3/2
∗ y = D1/2J1/2y′′ = y′′,

completing the proof. 2

Proof of Theorem 2.1. Using Lemmas 2.1 and 2.2 and the usual standard arguments for the conversion
of higher (integer) order differential equations to systems of first-order equations (and vice versa),
we can immediately see that the statements of Theorem 2.1 are valid. 2

We have thus converted the original equation (which involved more than one differential operator)
into a system

D1/2
∗ Y (t) = g(t, Y (t))

of equations of order 1/2, where now Y is mapping from [0, T ] to R4 and g is of the form g(t, Y ) =
PY +f ∗(t) with some (4×4)-matrix P . At least formally it is obvious that this can be dealt with by
a simple generalization of any numerical method constructed for the scalar setting. We shall discuss
this in sections 4 and 6.

Moreover it can be seen that such a rewriting is possible for any fractional differential equation
involving more than one fractional differential operator whenever the orders of the differential oper-
ators involved are commensurate, i.e. whenever the ratios of each pair of orders is a rational number.
The dimension of the system of fractional differential equations obtained in this way may be very
large though; its actual size depends on the precise values of the orders.

3 A Green’s function for the system

As we saw in Section 1, one way in which the solution of a fractional differential equation may be
expressed is through the use of a Green’s function. In this section we shall consider the Green’s
function for a two-term system of fractional differential equations of the type that arose in the
previous section. The derivation of a Green’s function in this case, which is the multi-dimensional
analogue of the two-term scalar Green’s function, provides both existence and uniqueness results for
the system of equations (2.1). We present the result here in a fairly general setting since it applies
more widely than simply for the Bagley-Torvik equation.
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Theorem 3.1 Consider the fractional differential equation system

AD1/2
∗ y(t) + By(t) = f(t); y, f : R→ Rk, A, B ∈ Rk×k (3.1)

with the homogeneous initial conditions y(0) = 0 and assume that the matrix A is nonsingular. The
function

G(t) = A−1Eα,α(−A−1Btα)tα−1 (3.2)

is a Green’s function for (3.1), where

Eα,β(z) =
∞∑

j=0

zj

Γ(αj + β)
(3.3)

is the Mittag-Leffler function. The equation (3.1) has a unique solution that can be written in the
form

y(t) =

∫ t

0

G(t− τ)f(τ)dτ (3.4)

The proof of this theorem is very straightforward. We recall (see [15]) that the corresponding
result holds for the case of the scalar equation. It remains to show that everything continues to hold
for the system. We remark that the infinite series (3.3) converges uniformly for any finite matrix A.
This establishes that the Mittag-Leffler function exists. It is then a routine matter to check that the
equation (3.4) gives a solution to (3.1). Thus existence of the solution of the differential equation is
established. Uniqueness follows as in the scalar case.

As we have previously remarked, it follows from the existence and uniqueness theorems for both
the original problem and the system that a function y satisfies the fractional differential equation
(1.1) if and only if it satisfies the system (2.1).

4 Fractional Linear Multistep Methods

Lubich (see, for example [10, 11, 12]) introduced the idea of a fractional linear multistep method for
evaluating fractional integrals and derivatives. The use of such methods is widely adopted in the
solution of equations of the form

Dα
∗ y(t) = f(t) (4.1)

where, typically, 0 < α < 1.
The idea of this class of methods is based on linear multistep methods for the solution of first-order

ordinary differential equations. A linear k-step method is defined by the first and second characteristic
polynomials ρ(z) =

∑k
j=0 αjz

k−j and σ(z) =
∑k

j=0 βjz
k−j. To solve an ordinary differential equation

of the form
y′(t) = f(t, y(t)), y(0) = y0, (4.2)

one uses the coefficients {αj} and {βj} to give the difference equation

k∑
j=0

αjyn−j = h

k∑
j=0

βjfn−j. (4.3)

As is well known, the application of a k-step method requires the use of k starting values, only one
of which is given (by means of the initial condition), whereas the other k − 1 starting values must
be calculated by some starting procedure. We remark that the use of the forward step operator E
permits us to write the equation (4.3) in the convenient form

ρ(E)yn−k = σ(E)fn−k (4.4)
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(see, for example, [3]). We shall see later that a similar approach provides a very convenient way to
analyse the application of fractional multistep methods to systems of fractional equations.

It has been shown (see for example, [3, 14, 17, 18]) that the application of the linear multistep
method to the equation (4.2) is equivalent to the application of a convolution quadrature to give an
approximate solution of the equation

y(t) = y(0) +

∫ t

0

f(s, y(s))ds (4.5)

in the form

yn = y0 +
n∑

i=0

wn−jyj (4.6)

One can show that the weights of the quadrature {wn} are related to the weights of the linear
multistep method by the relationship

w(z) :=
∞∑
i=0

wiz
i =

σ(z−1)

ρ(z−1)
(4.7)

Lubich (see [3, 10]) showed that this approach can be generalised: by taking the polynomial w(z)

given by (4.7), and calculating the coefficients {ω(α)
j } of the expansion (w(z))α it is possible to show

that the expression

D̃α
∗ g(t) = h−α

n∑

k=0

ω
(α)
k g(t− kh) t ∈ [nh, (n + 1)h) (4.8)

provides an order p approximation of the fractional derivative Dα
∗ g(t) whenever w(z) comes from

a linear multistep method of order p and g is sufficiently smooth. Further details of the approach
together with expressions for the generating functions for methods up to order 6 are given, for
example, in [15]. See also [8] for some of the technical details of the result.

Here we are interested in the application of fractional linear multistep methods to solve the
Bagley-Torvik equation (1.1). We will adopt the following approach: First we write down a difference
equation that arises when the fractional linear multistep method is applied to (1.1). This is shown
to be equivalent to the application of the same (see below) fractional linear multistep method to
the system (2.1). Finally we show that the application of the fractional linear multistep method to
the system provides (for a linear multistep method of order p) a method of order p for the original
problem.

Since fractional linear multistep methods of arbitrarily high order exist, this approach provides
us with methods of arbitrarily high order to solve the Bagley-Torvik equation.

Remarks:

1. It is worth noting here that the conversion of the Bagley-Torvik equation to a system has
provided us with a very useful tool in the analysis of the numerical method. However, as
Lemma 4.1 shows, in practice we can apply the fractional multistep methods directly to the
equation in its original formulation and deduce the same results.

2. As was made clear in the introduction, the Bagley-Torvik equation is a prototype for a whole
class of equations to which our analysis applies without modification. In fact we can consider
any three-term scalar equation where the smaller order of differentiation divides exactly the
larger order and the analysis extends without modification. As we show in a sequel to this
paper, the results extend even further, but space does not allow us to expand on this further
in the present paper.

We give the following result:
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Lemma 4.1 Let ρ(z), σ(z) be, respectively, the first and second characteristic polynomials of a
linear multistep method, and let w(z) be the generating function given by (4.7) of the corresponding
quadrature formula. Application of the fractional linear multistep method of fractional degree 1/2
to the system (2.1) is equivalent to an application of the quadrature whose weights are given by the

coefficients of (w(z))2 and the quadrature whose weights are given by the coefficients of (w(z))
3
2 to

the appropriate terms in the Bagley-Torvik equation.

Proof. The application (formally) of the fractional linear multistep formulae with generating function
w(z) to the Bagley-Torvik equation

Ay′′(t) + BD3/2
∗ y(t) + Cy(t) = f(t)

yields the difference scheme (written using the forward step operator E)

A(w(E))2yn + B(w(E))3/2yn + Cyn = fn (4.9)

On the other hand, the application of the corresponding fractional linear multistep method to

D
1/2
∗ y1(t) = y2(t),

D
1/2
∗ y2(t) = y3(t),

D
1/2
∗ y3(t) = y4(t),

D
1/2
∗ y4(t) = A−1 (−Cy1(t)−By4(t) + f(t)) ,

(4.10)

yields the difference scheme

(w(E))
1
2 y1,n = y2,n,

(w(E))
1
2 y2,n = y3,n,

(w(E))
1
2 y3,n = y4,n,

(w(E))
1
2 y4,n = A−1 (−Cy1,n −By4,n + fn) ,

(4.11)

It is now a simple matter to see that these two systems each have a unique solution (given appropriate
starting values) and that they are algebraically equivalent in that the sequence y1,n that solves (4.11)
also solves (4.9) subject to the initial conditions given in Theorem 2.1. 2

We note that one particular case of such a multistep method has been investigated in a more
detailed way: In [4] an algorithm is being discussed that can be interpreted as a backward differ-
entiation formula. In that paper, the equation to be solved is precisely of the form that we obtain
here after transforming the Bagley-Torvik equation to a system. Then it is shown that the error be-
haves as O(h3/2) where h is the step size. This is the same behaviour that we also find for an Adams
method in Section 6. Moreover, in [7], additional information on the backward differentiation method
is given: An asymptotic expansion for the error is deduced that can be used to construct methods
of arbitrarily high order simply based on repeated Richardson extrapolation using the backward
differentiation formula of [4].

5 Some remarks on short memory

It is well known that the expressions for w(z)α yield (for non-integer values of α) an infinite sequence
of quadrature weights. This means that the order hp expression for the fractional derivative proved
by Lubich to be given by the fractional linear multistep method will not be attained in practical
application of the method (see equation (4.8)) in which the quadrature has been truncated for
practical use. Such a truncation is the usual approach and has been referred to (for example in [15])
as the short memory principle. It follows that the conclusion of Lemma 4.1 (whose proof assumes
the exact application of the fractional linear multistep method) would not apply when the short
memory principle is applied. However, as has been shown by example in the book by Podlubny, and
analytically in the paper [8], the application of the short memory principle does not result in any
decrease in the order of the method.
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6 An Adams-Type Approach

In this section, we shall describe a completely different numerical scheme for the approximate solution
of our Bagley-Torvik equation (1.1) with initial conditions (1.2). Specifically, the method is based
on an Adams-type predictor-corrector approach that has been developed in [6] and further explored
in [5].

This Adams-type approach has been constructed with equations (or systems of equations) of the
form Dq

∗y(x) = f(x, y(x)) in mind, i.e., it is tailored for problems involving only one differential
operator. Therefore we use the result of Theorem 2.1 and convert our Bagley-Torvik initial value
problem as originally formulated (1.1), (1.2) into a system of four equations, each of which is a
differential equation of order 1/2, as stated in (2.1), with initial conditions as in (2.2). Since, in the
derivation of the Adams method given in [6], it does not matter whether the unknown function y is
scalar- or vector-valued, we can apply the scheme directly to our (vector) problem.

In [6, 5] the error term of this approach has been analysed, and the outcome was that, under
suitable assumptions on the given functions, the error behaves as O(h2), where h is the step size.
However, the “suitable assumptions” have not been stated explicitly. It therefore remains to be seen
whether the special case considered here satisfies these assumptions (and hence allows an identical
error estimate) or not. Note that, in the analysis of fractional differential equations, this problem is
much more difficult to investigate than in integer-order equations because, roughly speaking, it is not
likely that both the given functions and the unknown functions are smooth. Even in the exceptional
case where both functions are smooth, it is by no means assured that the full convergence order is
achieved. As an example, we consider the simple problem where the right-hand side of the Bagley-
Torvik equation (1.1) is given by

f(t) = C(t + 1),

with initial conditions
y(0) = y′(0) = 1.

It is easily verified that the exact solution of this problem is

y(t) = t + 1

independent of the choice of the coefficients A, B, and C. We have solved this problem on the interval
[0, 5] with the Adams-Bashforth-Moulton scheme. The numerical results at t = 5 were as follows.

estimated order
Step size numerical solution error of convergence
0.5 6.15131473519232 −0.15131473519232
0.25 6.04684102179946 −0.04684102179946 1.69
0.125 6.01602947553912 −0.01602947553912 1.55
0.0625 6.00562770408881 −0.00562770408881 1.51

These data indicate that the convergence behaviour is in fact only O(h3/2) and not O(h2).
In view of this example, it seems unreasonable to expect a proof that the error is O(h2) under

sufficiently general assumptions. Therefore, we shall state conditions under which the weaker error
bound of O(h3/2) holds. Our aim here is to formulate these conditions in a readily applicable way,
allowing us to see at once that a large range of functions is covered.

Theorem 6.1 Assume that f ∈ C2[0, T ]. For arbitrary given real coefficients A 6= 0, B and C and
arbitrary given initial values y0 and y′0, let y be the exact solution of the Bagley-Torvik equation (1.1),
combined with the initial conditions (1.2), and let yh(T ) be the approximation for y(T ) obtained
by the Adams-Bashforth-Moulton algorithm with step size h applied to the system (2.1) with initial
conditions (2.2) corresponding to (1.1) and (1.2) according to Theorem 2.1. Then,

y(T )− yh(T ) = O(h3/2).
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The proof will be organized as a sequence of intermediate results. First we prove a lemma
describing analytical properties of the solution of the Bagley-Torvik equation.

Lemma 6.1 Under the assumptions of Theorem 6.1, the solution y of the Bagley-Torvik initial value
problem has the following properties.

1. y ∈ C2[0, T ].

2. There exist constants c1, c2, . . . , c6 and functions ψ1, ψ2, ψ3 ∈ C2[0, T ] such that

D1/2
∗ y(t) = c1t

1/2 + c2t
3/2 + ψ1(t),

y′(t) = c3t
1/2 + c4t

3/2 + ψ2(t),

D3/2
∗ y(t) = c5t

1/2 + c6t
3/2 + ψ3(t).

Proof. First of all we note that, according to [13, Thm. 4.1], there exists a unique solution y for our
initial value problem in the set C2

−1[0, T ], i.e., y ∈ C2(0, T ] and y′′ can be represented in the form
y′′(t) = tµψ(t) with some µ > −1 and some continuous function ψ. Moreover, it follows from the
explicit representation of y used there that y′′ itself is continuous in [0, T ] under our assumption that
f ∈ C2[0, T ]. A careful analysis of this explicit representation then also yields the other properties. 2

Now we recall the construction of the Adams-Bashforth-Moulton method, cf. [6, 5]. We first
rewrite the given Bagley-Torvik equation as a system of four equations of order 1/2, viz. eqs. (2.1)
and (2.2), that we abbreviate to

D1/2
∗ Y (t) = g(t, Y (t)), Y (0) = Y0.

Then we rewrite this initial value problem in the form of the equivalent vector-valued Volterra integral
equation

Y (t) = Y0 + J1/2g(·, Y (·))(t).
In the process of the algorithm, we have to approximate the integral first by a product rectangle
quadrature formula (in the predictor step) and then by a product trapezoidal formula (in the corrector
step). Therefore we now look at the resulting quadrature errors. In this context, we use the following

notation. For a given t ∈ (0, T ] and a given m ∈ N, we write R
Re [0,t]
m [φ] to denote the error of the

m-point (left) rectangular quadrature rule applied to the function φ and taken over the interval [0, t].

Similarly, we write R
Tr [0,t]
m+1 [φ] for the error of the (m + 1)-point product trapezoidal rule.

Lemma 6.2 Under the assumptions of Theorem 6.1, we have the error bounds

RRe [0,t]
m [g̃k] = O(t/m)

and
R

Tr [0,t]
m+1 [g̃k] = O(t/m3/2)

for 1 ≤ k ≤ 4. Here the function g̃ : [0, T ] → R4 is given by g̃(t) := g(t, Y (t)) where Y is the exact
solution of the Volterra equation, and g̃k is the kth component of g̃.

Proof. It is an immediate consequence of the construction of g that the four components of g̃ are
given by

g̃1(t) = y2(t) = D1/2
∗ y(t),

g̃2(t) = y3(t) = y′(t),

g̃3(t) = y4(t) = D3/2
∗ y(t),

and
g̃4(t) = A−1(−Cy1(t)−By4(t) + f(t)) = A−1(−Cy(t)−BD3/2

∗ y(t) + f(t))

9



where y is the exact solution of the Bagley-Torvik initial value problem. In view of Lemma 6.1, the
required inequalities follow from standard arguments in quadrature theory [2, Thms. 97 and 102]. 2

Proof of Theorem 6.1. We prove the following result that implies the claim: Assume that N ∈ N
and set h = T/N and tn := nh (n = 0, 1, 2, . . . , N). Let Yh(tn) denote the approximation for Y (tn)
obtained by the Adams-Bashforth-Moulton method with stepsize h. Then, we have

‖Y (tn)− Yh(tn)‖ ≤ c1h
2n1/2 (6.1)

with an absolute constant c1 that depends on f but neither on h nor on n. Upon setting n = N the
theorem follows by looking at the first components of the vectors Y (tN) and Yh(tN) and using the
fact that N = T/h.

The proof of (6.1) proceeds by induction on n. For n = 0 the statement is trivial in view of the
given initial conditions. The induction step may be shown by an explicit look at the construction of
the algorithm, cf. [6, §3.2]. We first calculate the predictor Y P

h (tn+1) by means of the formula

Y P
h (tn+1) = Y0 +

1

Γ(1/2)

n∑
j=0

bj,n+1g(tj, Yh(tj))

where
bj,n+1 = 2h1/2[(n + 1− j)1/2 − (n− j)1/2].

An explicit calculation, using the Mean Value Theorem of differential calculus, yields

0 ≤ bj,n+1 ≤ h1/2(n− j)−1/2 (6.2)

for 0 ≤ j ≤ n− 1. We thus derive an error representation for the predictor,

Y P
h (tn+1)− Y (tn+1) =

1

Γ(1/2)

(
n∑

j=0

bj,n+1[g(tj, Y (tj)) + g(tj, Yh(tj))− g(tj, Y (tj))]

−
∫ tn+1

0

(tn+1 − u)−1/2g(u, Y (u))du

)

=
1

Γ(1/2)

(
n∑

j=1

bj,n+1[g(tj, Yh(tj))− g(tj, Y (tj))]−R
Re [0,tn+1]
n+1 [g̃]

)
.

Obviously, g fulfils a Lipschitz condition with respect to Y (with Lipschitz constant L, say), and
therefore we find, in view of the induction hypothesis, relation (6.2) and Lemma 6.2, a bound for the
kth component of the predictor error (1 ≤ k ≤ 4):

∣∣Y P
h,k(tn+1)− yk(tn+1)

∣∣ ≤ 1

Γ(1/2)

(
L

n∑
j=1

bj,n+1 ‖Yh(tj)− Y (tj)‖+
∣∣∣RRe [0,tn+1]

n+1 [g̃k]
∣∣∣
)

≤ 1

Γ(1/2)

(
Lch5/2

n−1∑
j=1

(n− j)−1/2j1/2

+ bn,n+1 ‖Yh(tn)− Y (tn)‖+ O(h2(n + 1))

)

where c is a certain positive constant (independent of n and h). A brief asymptotic analysis, using
e.g. the Euler-MacLaurin sum formula, yields

n−1∑
j=1

(n− j)−1/2j1/2 = O(n),
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and thus

∣∣Y P
h,k(tn+1)− yk(tn+1)

∣∣ ≤ O(h5/2n) + O(h5/2n1/2) + O(h2(n + 1)) = O(h2n).

This bound may be used to estimate the final error, i.e. the error of the corrector step. Since the
corrector is defined as

Yh(tn+1) = Y0 +
1

Γ(1/2)

(
n∑

j=0

aj,n+1g(tj, Yh(tj)) + an+1,n+1g(tn+1, Y
P
h (tn+1))

)

where

an+1,n+1 =
4

3
h1/2, a0,n+1 =

4

3
h1/2

(
n3/2 −

(
n− 1

2

)
(n + 1)1/2

)
,

and

aj,n+1 =
4

3
h1/2

(
(n− j + 2)3/2 − 2(n− j + 1)3/2 + (n− j)3/2

)

for 1 ≤ j ≤ n, we find the following representation for the error,

Yh(tn+1)− Y (tn+1) =
1

Γ(1/2)

(
−R

Tr [0,tn+1]
n+2 [g̃] +

n∑
j=1

aj,n+1[g(tj, Yh(tj))− g(tj, Y (tj))]

+ an+1,n+1[g(tn+1, Y
P
h (tn+1))− g(tn+1, Y (tn+1))]

)

By two applications of the Mean Value Theorem we find, for 1 ≤ j ≤ n− 1,

0 ≤ aj,n+1 ≤ h1/2(n− j)−1/2,

whereas

an,n+1 =
8

3
h1/2

(√
2− 1

)
= O(h1/2).

We may thus bound the kth component of this vector in a similar way as above, using again the
Lipschitz property of g and Lemma 6.2 as well as the induction hypothesis and the bound for the
predictor error. This yields

|Yh,k(tn+1)− yk(tn+1)| ≤ O(h5/2(n + 1)) +
n−1∑
j=1

O(h1/2)(n− j)−1/2h2j1/2

+ O(h1/2)h2n1/2 + O(h1/2)h2n

= O(h5/2(n + 1)) + O(h5/2)
n−1∑
j=1

(n− j)−1/2j1/2

Once again we use the asymptotic bound for the sum and find

|Yh,k(tn+1)− yk(tn+1)| ≤ O(h5/2n) = O(h2n1/2)

in view of the fact that h = T/N ≤ T/n = O(n−1). This completes the proof. 2

Note that we have actually proved more than just the claim of Theorem 6.1. In fact we have
shown that every component of the system of equations is approximated by our numerical scheme
with an error of O(h3/2). Thus we obtain not only an approximation for the solution y of the Bagley-
Torvik initial value problem but also approximations for its (Caputo-type) derivatives of orders 1/2,
1, and 3/2.
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