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Abstract

In this paper we investigate the qualitative behaviour of numerical approximations to a
Volterra integro-differential equation. We consider (as prototype) a linear problem with fading
memory kernel of the form

y′(t) = −
∫ t

0
e−λ(t−s)y(s)ds, y(0) = 1

and we consider the performance of simple numerical schemes applied to solve the equation.
We are concerned with the preservation (or otherwise) of qualitative properties of the analytical
solution in the numerical approximation. We outline the known stability behaviour and derive
the values of λ at which the true solution bifurcates. We give the corresponding analysis for
the discrete schemes and we show that, as the step size of the numerical scheme decreases, the
bifurcation points tend towards those of the continuous scheme. We illustrate our results with
some numerical examples.

1 Introduction

The qualitative behaviour of numerical approximations to solutions of functional differential equa-
tions is an important area for analysis. The aim is to ensure that, even over long time intervals, the
behaviour of the numerical solution reflects accurately that of the true solution.

There is a well-established stability theory for equations of the form

y′(t) = g(t) + ξy(t) + η

∫ t

0

y(s)ds, η 6= 0 (1.1)

and the performance of numerical methods applied to (1.1) has been investigated. (See for example
[1], [4], [5]). This is a natural starting point for the analysis of nonlinear problems that can be
linearised in the form (1.1) but this analysis does not extend to all classes of problem. Many real-
world model equations have convolution kernels with fading memory, and it is our concern in this
paper to consider the qualitative behaviour of numerical solutions to this class of problem. The
previous analysis does not apply in this case and, although there have been recent papers (see [7],
[8], [6]) that have considered stability of solutions of some nonlinear equations with convolution
kernels, many questions remain open. Here we consider both stability and other changes in the
qualitative behaviour of solutions.

In this paper, we consider the solution by numerical techniques of the integrodifferential equation

y′(t) = −
∫ t

0

e−λ(t−s)y(s)ds, y(0) = 1 (1.2)

The equation depends on the value of the single parameter λ and is chosen for ease of analysis.
For λ real and negative, the kernel is of fading memory type. For λ real and positive, the kernel has a
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growing memory effect. This is a linear equation whose analytical solution displays surprisingly rich
dynamical behaviour even for real values of the parameter λ and it is this behaviour that we want
to consider for the numerical scheme. We view this as a prototype problem that will provide insight
into the behaviour of more complicated equations. In fact there are four real intervals of λ values in
each of which the solutions of equation (1.2) behave qualitatively differently. It turns out that the
numerical approximation of this behaviour of the original system is not altogether straightforward.

We consider the following questions:

1. does the numerical scheme display the same four qualitatively different types of long term be-
haviour as are found in the true solution?

2. are the interval ranges for the parameter giving rise to the changes in behaviour of the solution
λ the same as in the original problem?

Our discussion is informed by existing results on stability ranges for the parameter values of the
integrodifferential equation. We will also compare our results with those from some similar investi-
gations (of Hopf bifurcation points) relating to delay differential equations that give us additional
insight into the behaviour of the solution close to bifurcation points under discretisation.

2 Background material

We consider the equation (1.2). One can easily establish (by considering, for example, an equivalent
ordinary differential equation) that for real values of λ the solution to (1.2) bifurcates (or changes
qualitative behaviour) at λ = 0,±2. We have the following qualitative behaviour:

A1. When λ ≥ 2, y → 0 as t →∞, with no oscillations

A2. When 0 < λ < 2, y → 0 as t →∞, with infinitely many oscillations

A3. When λ = 0, y(t) = cos(t); (persistent oscillations)

A4. When −2 < λ < 0, the solutions contains infinitely many oscillations of increasing magnitude

A5. When λ ≤ −2, the solution grows without any oscillations.

While the continous theory for (1.2) is well established, the analysis of numerical techniques is
not so straightforward. To illustrate this, figure 1.1 shows a numerical solution to (1.2) with λ = 0.
In other words, figure 1.1 is an approximation to the cosine function; the numerical solution is a
decaying oscillation which does not represent the true qualitative behaviour.

3 Numerical analysis

We solve (1.2) numerically using a low-order scheme based on combining a linear multistep method
for solving ODE’s with a θ-method quadrature rule for performing the integration. A standard
method for solving equations such as this one involves the use of a linear multistep formula for the
differential equation and a quadrature rule for the integral ([5]). It turns out that one should choose
the schemes carefully to ensure that the resulting method is of an appropriate order of accuracy. A
stability analysis of the methods we consider (and of other low-order methods) (such as those based
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Figure 1: Solving (1.2), λ = 0, using a backward Euler scheme with stepsize 0.05.

on a forward Euler rule, and a trapeziodal rule as multistep method) has been performed for other
examples of linear integrodifferential equations and a wide range of integral equations, see [2], [4],
[5], [3] and [10] for example. In particular, [2] illustrates clearly that, although a stability analysis
of the continuous problem may be straightforward, this is not necessarily the case with the discrete
form. For a well-behaved numerical scheme, we would anticipate four intervals of λ-values where the
solutions to the discrete scheme behave qualitatively differently (as with the continuous problem),
however we know from investigation of bifurcation points for numerical solution of delay differential
equations (see [11]) and indeed from stability analysis of integro-differential equations, that the
points at which the qualitative behaviour of the solution changes may arise at the wrong values of
the parameter. Based on previous experience we would expect this difference to be dependent upon
the stepsize h of the numerical method and on the choice of method itself. Furthermore, based on
previous work ([11], [9]), one might expect the bifurcation points of the discrete scheme to approach
the bifurcation points of the continuous problem as h → 0. We will show that the approximation of
the bifurcation points is to the order of the method.

For reasons of space, we analyse here a numerical method of the form

yn+1 − yn = −h2

(
θe−λ(n+1)hy0 +

n∑
j=1

e−λh(n+1−j)yj + (1− θ)yn+1

)
, y0 = y1 = 1, (3.1)

with 0 ≤ θ ≤ 1 and we set 0 < h < 1. The equation (3.1) is equivalent to
(
1 + h2(1− θ)

)
yn+2 +

(
h2θe−λh − 1− e−λh

)
yn+1 + e−λhyn = 0. (3.2)

The behaviour of the solution as t →∞ depends on the roots of the characteristic equation
(
1 + h2(1− θ)

)
k2 +

(
h2θe−λh − 1− e−λh

)
k + e−λh = 0. (3.3)

Any solution of (3.2) will be asymptotically stable if both roots of (3.3) are of magnitude less than
one and unstable if either root of (3.3) has magnitude greater than one. The solutions will contain
(stable or unstable) oscillations when the roots of (3.3) are complex.

We summarise:

B1. The characteristic roots are real and distinct when λ > − 1
h

ln

(
1+2h2−h2θ−2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
.

The dominant characteristic root is of magnitude less than unity.

B2. The characteristic roots are real and equal when λ = − 1
h

ln

(
1+2h2−h2θ−2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
. The

characteristic roots are of magnitude less than unity.
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Figure 2: Plotting |k| and arg k against λ for h = 0.25, θ = 0.5

B3. The characteristic roots are complex when

− 1
h

ln

(
1+2h2−h2θ+2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
< λ < − 1

h
ln

(
1+2h2−h2θ−2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
.

For λ = 1
h

ln
(

1
1+h2(1−θ)

)
the characteristic roots have magnitude precisely unity.

B4. The characteristic roots are real and equal when λ = − 1
h

ln

(
1+2h2−h2θ+2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
. The

characteristic roots are of magnitude greater than unity.

B5. The characteristic roots are real and distinct when λ < − 1
h

ln

(
1+2h2−h2θ+2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
.

The dominant characteristic root is of magnitude greater than unity.

Figure 2 illustrates the variation in the magnitude and argument of the dominant characteristic
root k as λ varies, for θ = 0.5. Other values of θ yield similar results.

We draw the following conclusions about the bifurcation points in the solution to the approximate
scheme:

1. λ = − 1
h

ln

(
1+2h2−h2θ−2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
. At this value of λ, unstable exponentially growing

solutions bifurcate to solutions that exhibit growing oscillations.

2. λ = 1
h

ln
(

1
1+h2(1−θ)

)
marks the transition from all solutions being unstable to all solutions

being stable.

3. λ = − 1
h

ln

(
1+2h2−h2θ+2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
. At this value of λ asymptotically stable oscillatory

solutions bifurcate to exponentially decaying stable solutions.
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Figure 3: Bifurcation points for forward Euler (left), trapezium rule and backward Euler (right)
schemes
for varying h

4 Bifurcation points of the numerical scheme as approxima-
tions to true bifurcation points

We consider now the way in which the bifurcation points of the discrete scheme approximate those
of the original problem. First we remark that it has been shown (for example in [11]) that in other
contexts bifurcation points of a numerical scheme may approximate those of the original problem to
the order of the method. We remark further that the three methods we have chosen provide order 1
approximations to solve the integro-differential equation.

First we consider the value of λ1 = − 1
h

ln

(
1+2h2−h2θ−2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
as θ varies and h → 0. It

is easy to see that, as h → 0, the value λ1 satisfies λ1 → −2. In fact we can give greater precision
to this. We can show that λ1 = −2 + θh + O(h2). This means that, for θ methods in general,
the approximation by our scheme approximates the true value (−2) to the order of the method, as
h → 0. For θ = 0 (the backward Euler scheme) the approximation is actually to order 2.

The analysis of λ2 = 1
h

ln

(
1+2h2−h2θ−2

√
−h2(h2θ−1−h2)

h4θ2−2h2θ+1

)
follows in exaclty the same way and leads

to an identical conclusion for the approximation of the bifurcation point λ = 2.

For λ3 = 1
h

ln
(

1
1+h2(1−θ)

)
it is straightforward to show that stability is lost at a value of λ that

approximates the true value (0) to order 1 in general. In fact, for θ = 1, the forward Euler scheme,
the approximation is exact for all values of h.

We illustrate our results graphically. The numerical scheme reduces to three well-known methods
for θ = 1 (the forward Euler rule), θ = 0 (the backward Euler rule) and θ = 1

2
(the trapezium rule)

being used for the integration.
Figure 3 shows how the bifurcation points change as h varies.

5 Closing remarks

The results presented in this paper show that the well-established stability theory based on the
analysis of equation (1.1) gives only a very limited insight into the qualitative behaviour of solutions of
the class of convolution equations with fading memory kernel that we have considered here. We have
observed elsewhere (see [6, 7, 8]) that the qualitative behaviour of numerical solutions to equations
of this type may have surprising features and our consideration here of the prototype problem (1.2)
illustrates how this unexpected behaviour may arise. Space restrictions have prevented us from
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considering the behaviour of more general methods in this paper and also from extending our analysis
to consider other problems. The results we have presented here show that, for these simple methods
at least, the bifurcation parameters are approximated in the numerical scheme to the order of the
method. A similar analysis is possible for other numerical methods based on linear multistep schemes,
and we plan to present these results in a sequel to the present paper.
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