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Abstract
We are concerned with the solution of fractional differential equations of the form

(
d

dt
)αy(t) = f(t, y(t)) (0.1)

and more general problems of the form

(
d

dt
)αy(t) = f(t, y(t), (

d

dt
)β1y(t), . . . , (

d

dt
)β1y(t)) (0.2)

where 0 < β1, . . . , βm < α.
Equations of this type arise, for example, in the generalised viscoelastic constitutive equa-

tions, the generalised Basset force, and in fractional Brownian motion. Numerical methods for
solution of (0.1) are well established, particularly for 0 < α < 1, however many of the analyti-
cal results depend on the assumption that f has a particularly simple form. Recent work (by
Diethelm and Ford and others) has considered approaches for solving (0.1) for more general f
and also for solving the multi-term equation (0.2).

In this paper we present an alternative approach to numerical solution of (0.1) and (0.2)
where α > 1 and we conclude the paper by comparing the numerical results for our proposed
method with known numerical and analytical solutions for prototype nonlinear problems of the
forms (0.1) and (0.2).

1 Introduction

The fractional calculus is a branch of mathematics with a long history. In earlier work the main
application of fractional calculus has been as a technique for solving integral equations. Recently,
fractional derivatives have been used to model physical processes, leading to the formulation of
fractional differential equations. These equations may also involve ordinary derivatives and integrals
and one therefore needs a reliable and efficient technique for the numerical approximation of fractional
derivatives and the solution of fractional differential equations.

Here we investigate a method for solving a fractional differential equation of order α where
α ∈ (1, 2), as a system consisting of an ordinary differential equation and a first order fractional
differential equation. We investigate this procedure for linear differential equations and compare our
solutions with known analytical results and numerical solutions calculated by alternative methods.
Our ultimate aim is is to extend our procedure to problems such as the multi-term first order equa-
tion with constant coefficients

FDy + GD
1
2 y + y = −1, (0 < t < 1), y(0) = 0, F, G ∈ R, (1.1)

the Bagley-Torvik (second order) equation,

AD2y + BD
3
2 y + Cy = f, t > 0, y(0) = 0, y′(0) = 0, A, B ∈ R, (1.2)
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and the nonlinear equation

D
1
2 y − A(1− y)4 = 0, t > 0, y(0) = 0, A ∈ R+. (1.3)

Further details of these equations and their solutions may be found in Podlubny [13].

2 Fractional derivatives

The usual formulation of the fractional derivative, given in standard references such as Samko et al [14]
and Oldham and Spanier [12], is the Riemann Liouville definition. Unfortunately, this formulation
leads to fractional differential equations which require initial values expressed as fractional derivatives.
This is very inconvenient, since it is usually not clear what the physical meaning of these fractional
order initial values would be and they are therefore hard to derive from a physical system. In
applications it is often more convenient to use the formulation of the fractional derivative suggested by
Caputo [2] which requires the same starting conditions as an ordinary differential equation (Gorenflo
and Luchko [9]) of next higher integer order.

The fractional derivative of a function y defined on the interval [0, T ] at time t ∈ (0, T ] is given
by the convolution integral

Dαy =
1

Γ(α− n)

∫ t

0

y(n)(x)

(t− x)α+1−n
dx (2.1)

where n ∈ N+ and α ∈ (n, n + 1).
As an example, the α-order Caputo derivative of xµ is given by

Dαxµ =
Γ(µ + 1)

Γ(µ + 1− α)
xµ−α, µ > 0, x > 0. (2.2)

For an analytic treatment of the solution of the linear fractional differential equation

Dαy(t) + y(t) = f(t), α ∈ (0, 2) (2.3)

see Gorenflow and Mainardi [8]. In [7], Diethelm and Ford point out the importance of using the
Caputo definition of the fractional derivative which allows the treatment of non-homogeneous initial
conditions by methods such as those we discuss here.

3 Numerical methods for approximating fractional deriva-
tives

In [10] and [11] Lubich gives a general method for extending linear multistep methods for an ordinary
differential equations to give methods for evaluating fractional derivatives; these methods are known
as fractional multistep methods. Since the definition of a fractional derivative is based on a convolu-
tion integral the number of weights used in the numerical approximation of the convolution integral
increases with each step. In [1] Blank uses spline approximations to evaluate fractional derivatives.
A specific numerical method is given by Diethelm in [5] and [6] and this is the method we shall use
here (see also Podlubny [13]).

If we apply Diethelm’s method ([5]) to the fractional differential equation

Dαy + λy = f(t), y(0) = y0, y′(0) = y′0, α ∈ (0, 1), t ∈ [0, T ], (3.1)

where f satisfies a Lipschitz condition on [0, T ], we approximate its solution at tj = j/n, j, n ∈ N
with the numerical quadrature

yj =
1

ω0j − (j/n)αΓ(−α)β
((

j

n
)αΓ(−α)f(tj)−

j∑

k=1

ωkjyj−k − 1

α
y0) (3.2)
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where

α(1− α)j−αωkj =




−1 (k = 0)
2k1−α − (k − 1)1−α − (k + 1)1−α (k = 1, . . . , j − 1)
(α− 1)k−α − (k − 1)1−α + k1−α (k = j)

. (3.3)

4 The basic system

The simplest fractional differential equation of interest to us is

Dαy + λy = f(t), y(0) = y0, y′(0) = y′0, α ∈ (1, 2), λ > 0. (4.1)

Let β + 1 = α then we have

DβDy + λy = f(t), y(0) = y0, y′(0) = y′0, β ∈ (0, 1), λ > 0. (4.2)

Writing this as a system gives

(
D 0
0 Dβ

)(
1Y
2Y

)
=

(
2Y

−λ 1Y + f(t)

)
. (4.3)

Applying the backward Euler method to the first order ordinary differential equation, with h = 1/n,
and Diethelm’s method to the fractional differential equation gives

1Yi = 1Yi−1 + h 2Yi (4.4)

and

−λ 1Yi + fi =
1

(i/n)βΓ(−β)
(

i∑

k=0

ωk,i
2Yi−k +

1

β
2Y0). (4.5)

Making the necessary substitutions and rearranging gives

2Yi =
1

ω0,i + λh
((i/n)βΓ(−β)(−λ 1Yi + fi)−

i∑

k=1

ωk,i
2Yi−k − 1

β
2Y0). (4.6)

As a reference point for our work, we give (in Figure 1) solutions to the homogeneous version
of equation (4.1) calculated using established methods (see [1, 8]). As can be seen, the notion of a
fractional derivative interpolates consistently between the neighbouring integer order derivatives.

As a simple example of the application of the method we propose here, we consider the equation

D
3
2 y + y = 0, y(0) = 1, y′(0) = 0. (4.7)

The approximate solution obtained to (4.7) using the method from (4.3) is shown in the left hand
graph of Figure 2. As a second simple example, we consider

D
3
2 y + y = t2 +

2t
1
2

Γ(1.5)
, y(0) = 0, y′(0) = 0, (4.8)

the approximate solution is shown in the centre graph of Figure (2). These solutions agree with
those calculated by other methods (see Blank [1]) and our theoretical expectations (see Gorenflo and
Mainardi [8]).
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Figure 1: Solutions for α = 1/3, 2/3, 1 (left) and α = 4/3, 5/3, 2 (right)
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Figure 2: Approximate solutions for (4.7) (left), (4.8) (centre) and (5.10) (right)
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5 Nonlinear systems

To apply the above method to solve nonlinear systems we will need to use a method for solving
the resulting nonlinear equation. This introduces greater complexity and we describe the approach
in greater detail in a sequel. In this paper, we will specialise our approach to deal only with the
simplified fractional Ricatti Equation in which some of the nonlinearity can be dealt with rather
conveniently. We consider

Dαy + λy2 = f(t), y(0) = y0, y′(0) = y′0, α ∈ (0, 1) ∪ (1, 2), λ > 0, (5.1)

where f(t) is a polynomial in t.
Bearing in mind the fact that fractional derivatives are expected to interpolate, in some sense,

the neighbouring integer-order cases, we first survey the solutions for particular integer order cases.

First order case For the simplified Ricatti equation we have

dy

dt
+ y2 = 1, y(0) = y0. (5.2)

The solution to this equation is

y(t) =

1+y0

1−y0
− e−2t

1+y0

1−y0
+ e−2t

, (5.3)

and we can observe that, as t →∞, y(t) → 1.

Second order case For the second order Ricatti equation we have

d2y

dt2
+ y2 = 1, y(0) = y0, y′(0) = y′0. (5.4)

For the detail of the solution of this equation see Davis [4]. The essential feature of the solution is
that it is an elliptic function and has infinitely many poles, whose positions depend on y0 and y′0 and
which repeat with a fixed finite period.

The fractional order case Now our simplified fractional second order Ricatti d.e. takes the form

Dβ+1y + λy2 = f(t), y(0) = y0, y′(0) = y′0, β ∈ (0, 1). (5.5)

For convenience let the sum of the terms from the previous iteration

i∑

k=1

ωk,i
2Yi−k +

1

β
2Y0 − ((i/n)βΓ(−β))fi = Xi, (5.6)

then we can write the discretised similtaneous system as

1Yi = 1Yi−1 + h 2Yi (5.7)

and

−λ 1Y 2
i =

1

(i/n)βΓ(−β)
(ω0,i

2Yi + Xi). (5.8)

So substituting for 1Yi and arranging in a quadratic of 2Yi we obtain

λh2 2Y 2
i + (λ2h 1Yi−1 +

1

(i/n)βΓ(−β)
ω0,i)

2Yi + λ 1Y 2
i−1 +

Xi

(i/n)βΓ(−β)
= 0, (5.9)

which can be solved directly.
Our calculated solution to the equation

D
3
2 y + y2 = 1, y(0) =

√
2, y′(0) = −1, (5.10)

is given in the right hand graph of Figure 2.
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6 Concluding remarks

We have introduced a method for the solution of linear and nonlinear fractional differential equations
of order greater than one, and we have shown how these methods are effective for several simple
equations. Space restrictions here preclude us giving further examples and a more detailed analysis,
which will be the subject of a sequel.
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