
ISSN 1360-1725

UMIST

Numerical and analytical treatment of differential
equations of fractional order

Neville J. Ford and A. Charles Simpson

Numerical Analysis Report No. 387

A report in association with Chester College

Manchester Centre for Computational Mathematics
Numerical Analysis Reports

DEPARTMENTS OF MATHEMATICS

Reports available from:

Department of Mathematics
University of Manchester
Manchester M13 9PL
England

And over the World-Wide Web from URLs

http://www.ma.man.ac.uk/MCCM/MCCM.html
ftp://ftp.ma.man.ac.uk/pub/narep



Numerical and analytical treatment of differential equations
of fractional order

Neville J. Ford and A. Charles Simpson

May 23, 2003

Abstract

In this paper we consider the numerical and analytical solution of differential equations of
fractional order. Equations of this type have been known for many years to arise in mathematical
models (in viscoelasticity, diffusion, electromagnetics, electrochemistry and many other fields)
but until recently both the analytical properties of these equations and suitable numerical
techniques for their solution have been under-developed. We focus on key issues in the exact
and numerical solution of the equations. We describe the importance of the appropriate choice
of initial conditions and we give results that show how the computational effort required to solve
an equation of fractional order can be reduced, either through careful application of the fixed
memory principle or through the use of logarithmic memory schemes of varying step-length.

1 Introduction

Riemann-Liouville differential operators of fractional order α > 0 take the form

Dα
t0
y(t) :=

1

Γ(m− α)

dm

dtm

∫ t

t0

y(u)

(t− u)α−m+1
du (1.1)

where m is the integer defined by m−1 < α ≤ m (see [13, 15]). Differential equations involving these
fractional derivatives have proved to be valuable tools in the modelling of many physical phenomena
[7, 8, 12]. Dα has an m-dimensional kernel, and therefore we need to specify m initial conditions in
order to obtain a unique solution to a fractional differential equation,

Dαy(t) = f(t, y(t)) (1.2)

with some given function f .
In the standard mathematical theory [15, §42], the initial conditions corresponding to (1.2) must

be of the form
dα−k

dtα−k
y(t)|t=0+ = bk, k = 1, 2, . . . , m, (1.3)

with given values bk. In other words, we must specify some fractional derivatives of the function y.
In practical applications, these values are frequently not available and so Caputo [3] suggested that
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one should incorporate derivatives of integer order of the function y as the initial conditions. (See,
for example, [6] for more details and a discussion of other analytical and practical issues.)

The approximate solution of fractional differential equations (1.2) where |f(t, y) − f(t, x)| ≤
L|y−x|, L > 0, is becoming of increasing interest with the wider use of these equations in modelling
applications. Convergent and accurate methods for solving fractional differential equations have been
developed and implemented in [1, 2, 4, 10].

In developing numerical solutions we require the approximation of a convolution integral of the
form

Dαy =
1

Γ(α−m)

∫ t

0

y(m)(s)

(t− s)α+1−m
ds, t > 0, m ∈ N, α ∈ (m,m + 1) (1.4)

(see [14]).
When we use a fixed step length h > 0, (t = nh) we encounter a computationally expensive

problem. The approximation of the integral in equation (1.4) requires us to sample and multiply
the behaviour of two functions over the whole of the (varying) interval of integration. This leads
to operation counts of O(n) for each integral approximated. The cumulative computational cost
of repeated evaluation of these integrals may be significant when solving a fractional differential
equation, particularly over long time intervals and this motivates us to consider techniques that
may be used to reduce the amount of computational effort required. Firstly we consider the ‘Fixed
Memory Principle’ which reduces computational cost to O(1) at the expense of increased error and
our proposed ‘Logarithmic Memory Principle’ which reduces computational cost to O(log n) with a
somewhat smaller increase in the error.

2 Fixed Memory Principle

In the fixed memory principle, also called the short memory principle by some authors, we approxi-
mate the integral given in (1.4) by an integral over a period of fixed length T (see [14])

∫ t

0

y(m)(s)

(t− s)α+1−m
ds ≈

∫ t

t−T

y(m)(s)

(t− s)α+1−m
ds. (2.1)

The approach is based on the fact that the kernel in the convolution integral (1.4) is of fading memory
type and that therefore the contributions to the integral from all but the most recent time interval
can be neglected. This approach can be used to develop analytical results for solutions to (1.4) and
can also be applied to numerical methods. Use of the fixed memory principle in a numerical scheme
with fixed step length reduces the computational effort in approximating the integral to O(1) at the
cost of introducing an error

E =|
∫ t−T

0

y(x)

(t− x)1+α
dx | . (2.2)

We can control the size of the error introduced by the fixed memory principle by careful selection of
T in the following way:

Let sups∈[0,t] |f(s)| = M then

E <
MT−α

Γ(1− α)
, (2.3)

thus for any given error bound ε > 0 it is sufficient that we have

T ≥
(

M

εΓ(1− α)

) 1
α

, (2.4)
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Figure 1: Percentage error occurring when using windows of a fixed length for, on the left, equation
(2.5) and for, on the right, equation (2.6).

and therefore if we are employing the fixed memory principle alongside a numerical scheme of O(hp)
accuracy, we will need to use a T of order O(h−p/α) to avoid introducing larger order errors through
the application of the fixed memory principle.

One can give a detailed analysis of the effect of the fixed memory principle on the numerical
scheme but space restrictions preclude us from giving details here. In figure (1) we compare the
percentage error in the approximate solution calculated with a fixed memory with the percentage
error in the approximate solution calculated with full memory for the homogeneous system:

D0.5y = −y, y(0) = 1, (2.5)

and for the system
D0.5y = −y + t2 + 2t1.5/Γ(2.5), y(0) = 0, (2.6)

which has solution y(t) = t2. In both cases the upper line is the percentage error in the solution
calculated over a window of length 0.5 and the lower line is the percentage error in the solution
calculated over a window of length 2. We observe that these applications of the fixed memory
principle have introduced significant errors in the approximate solution quite rapidly.

3 Logarithmic Memory Principle

In this section we present a new development of the fixed memory principle that also retains the full
interval of integration. The idea is to use a sequence of fixed windows to evaluate the integral given
in (1.4) but to exploit the fading memory kernel and use successively coarser grids (larger h values)
to approximate parts of the integral that lie further from the current time.

We can use a fractional linear multistep method as quadrature Q (as given in [10]) which defines
a set Ω of quadrature weights and a set W of starting weights and we choose a fixed window T > 0
such that [0, T ] contains the interval necessary for the calculation with the starting weights. For a
stepsize of h, with nh = T, n ∈ N, we have (for t = jh and fj = f(jh))

Qhfj = hα

j∑

k=0

ωj−kfk + hα

s∑

k=0

wjkfk, fk = f(kh), 0 ≤ sh < T, (3.1)

with ωj−k ∈ Ω and wjk ∈ W . Let Ωh = hαΩ. Now let t > T and let m = [log2(t/T )] then
t ∈ (2mT, 2m+1T ] and decompose the interval [0, t] thus

[0, t] = [0, t− 2mT ] ∪ [t− 2mT, t− 2m−1t] ∪ · · · ∪ [t− 2T, t− T ] ∪ [t− T, t], m ∈ N, (3.2)
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Figure 2: Example distribution of time intervals shown under graph of convolution kernel function
= 1/(t− x)0.25 as x varies from 0 to t.

let τ0 = [t − T, t] when t > T and [0, t] otherwise, τi = [t − 2i+1T, t − 2iT ] where 0 < i < m and
τm = [0, t− 2mT ]. Write the fractional integral (1.4) thus

∫ t

0

y(s)

(t− s)1+α
ds =

{∫

τ0

+

∫

τ1

+ · · ·+
∫

τm

} y(s)

(t− s)1+α
ds (3.3)

Or more simply
I[0,t] = Iτ0 + Iτi

+ · · ·+ Iτm . (3.4)

The idea is now to use the finest grid to approximate the integral on the interval τ0 and successively
coarser grids to approximate on the earlier intervals.

For a step size h where T/h ∈ N using the fixed memory principle we would make the approxi-
mation

I[0,t] = Qτ0(h). (3.5)

In other words, we use a step length h over the interval τ0 and neglect all earlier values. With the
logarithmic memory principle, we make the approximation

I[0,t] = Qτ0(h) + Qτ1(h) + Qτ2(2h) + · · ·+ Qτi
(2i−1h) + · · ·+ Qτm(2m−1h). (3.6)

In this case we use a step length h over the intervals τ0 and τ1 and successively larger step lengths
over the earlier intervals.

We know, by the analysis given, for example, in [10], that as h → 0, Q[0,t](h) → I[0,t], and this
shows that (3.6) converges to the exact integral as h → 0.

It now remains to show that the reduction in computational effort can be achieved without unduly
increasing the error.

In Lubich’s method ([10, 11]) the weights are produced by taking the coefficients from the (infinite)
expansion of a fractional power of the ratio of two polynomials Ω = {ωj| ωj ∈ R, j ∈ N}, and
multiplying by a fractional power of the stepsize h thus Ωh = hαΩ.

By sucessively doubling h we obtain the sequence of weight sets: Ωh . . . , Ω2ih, Ω2mh, where
Ω2ih = 2iαΩh therefore from Ω2ih, i ∈ N we use the subset containing elements n + 1, . . . , 2n for the
quadrature on the interval τi. This means we only need to use the first 2n (fixed for all t when T
and h have been chosen) terms from Lubich’s infinite set of weights Ω.
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Table 1: Weight Distribution for the log-Diethelm method
Interval Weights Weight Set Terminal Set Step Size

(t, t− 1) 2n Ω1,n ∪ Ωn+1,2n Θ1,n ∪Θn+1,2n 1/2n
(t− 1, t− 2) n Ωn+1,2n/2α Θn+1,2n/2α 1/n
(t− 2, t− 4) n Ωn+1,2n/22α Θn+1,2n/22α 2/n

...
...

...
...

...
(t− 2i, t− 2i+1) n Ωn+1,2n/2(i+1)α Θn+1,2n/2(i+1)α 2i/n

...
...

...
...

...

4 A Numerical Experiment

We illustrate our method by developing the algorithm given by Diethelm in [4] in the same way to
solve the equation

Dαy = −βy, y(0) = y0, β > 0. (4.1)

We will refer to our method as the log-Diethelm method. Let q = 1/(α(1− α)) and define

Ω = (ωk| ω0/q = −1, ωk/q = 2k1−α − (k − 1)1−α − (k + 1)1−α, k ∈ N), (4.2)

and
Θ = (θk| θk/q = (α− 1)k−α − (k − 1)1−α + k1−α, k ∈ N. (4.3)

Let j∗ = j when jh ∈ τ0 and j∗ = in + [(j mod 2i−1n)/2i−1] when jh ∈ τi. If j > 2i−1n and j
mod 2in = 0 we will describe j as being terminal. We define the two ordered set of weights

Ωl = Ω1,n ∪ (∪∞i=1

Ω(n+1,2n)

2(i−1)α
). (4.4)

where for any k we have ωk∗ ∈ Ωl and

Θl = Θ1,n ∪
(
∪∞i=1

Θ(n+1,2n)

2(i−1)α

)
. (4.5)

where for any k we have θk∗ ∈ Θl.
To produce the convolution weights, Ωj, at the jth iteration (for 2n ≤ j), if j is terminal Ωj =

jα(w0,j, . . . , ωj∗−1,j, θj∗) otherwise Ωj = jα (ω0,j, . . . , ωj∗,j).
We define the log-Diethelm method by

yj =
−1

ω0j − ( j
2n

)αβΓ(−α)

(
n∑

k=0

ωkyj−k

+
m−1∑
i=0

2n∑

k=n+1

ω(2ik)∗yj−2ik) +

j̃∑

k=n+1

ω(2mk)∗yj−2mk +
y0

α


 . (4.6)

Both Diethelm’s algorithm ([4]) and fixed and logarithmic memory variations of it were imple-
mented on the same system. We computed the behaviour of the system D0.5y = −y, y(0) = 1
using the full Diethelm method, the log-Diethelm method and the fixed window Diethelm method.
The distribution of interpolation points in the log-Diethelm method was an equal number of points
in each of the intervals [0.0.5], [0.5, 1], [1, 2], [2, 4], [4, 8], [8, 16], [16, 32], [32, 64]. For the fixed
window method we used a window of [t − 4, t], t ≥ 4. We measured how many seconds it took
for the algorithm to run in both cases. In table 2 we give the computation times over the intervals
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Table 2: Comparison of Computational Expense and Percentage Error
Interval Length 4 8 16 32 64 32*
Fixed Window time 2.69 7.05 15.59 33.06 68.06 120.95

error 0.00 10.03 17.06 19.66 20.87 19.65
Logarithmic time 2.84 6.62 16.20 38.70 94.06 153.64

error 0.23 0.32 0.38 0.43 0.46 0.21
Complete time 2.87 9.03 33.42 124.31 531.66 536.83
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Figure 3: Percent error in the log-Diethelm method for equations (2.5) and (2.6)

[0, 4], [0, 8], [0, 16], [0, 32], [0, 64]. The final (right hand) column is a recalculation for the interval
[0, 32] for h → h/2.

It is clear from the table, that the logarithmic memory approach yields improved speed without
the overhead of large errors introduced by the fixed memory scheme. One can confirm that the
errors in the fixed memory approach do indeed come from neglecting the earlier part of the integral
by considering the values given in the right hand column of table 2. Here the value of h has been
divided by 2 to show the effect of refining the grid used for evaluating the integral. We can observe
that, in the logarithmic scheme the error is also reduced by a factor of 2 while there is no improvement
in the fixed memory scheme.

5 Closing Remarks

Based on the examples we have given here there is strong evidence that the logarithmic memory
principle that we have developed will provide improved performance in the solution of fractional
differential equations. However further analysis of the method is needed, and this will be described
in a sequel to the present paper.
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[9] W. G. Glöckle and T. F. Nonnenmacher, A Fractional Calculus Approach to Self-Similar Protein
Dynamics, Biophysical J., 68, 46–53, 1995.

[10] C.Lubich, Discretized Fractional Calculus, SIAM Journal of Mathematical Analysis, Volume 17,
704-719, 1986.

[11] C.Lubich, Convolution Quadrature and Discretized Operational Calculus. II, Numerische Math-
ematik, 52, 413-425, 1988.

[12] Francesco Mainardi, Fractional Calculus: Some Basic Problems in Continuum and Statistical
Mechanics, in Fractals and Fractional Calculus in Continuum Mechanics, A. Carpinteri and F.
Mainardi (eds), 291-348, Springer, Wien, 1997.

[13] K.B.Oldham and J.Spanier, The Fractional Calculus, Academic Press, London, 1974.

[14] I.Podlubny, Fractional Differential Equations, Academic Press, London, 1999.

[15] S.G.Samko, A.A.Kilbas, O.I. Marichev, Fractional Integrals and Derivatives, Gordon and Breach
Science Publishers, Lausanne, 1993.

7


